SOME PROPERTIES OF THE FOURIER TRANSFORM
ON SEMI-SIMPLE LIE GROUPS. PART II()

BY
L. EHRENPREIS AND F. I. MAUTNER

This is a continuation of Part I (see Ehrenpreis and Mautner [1]).
Throughout the present Part II, G denotes again the group of all conformal
mappings of the interior of the unit circle. In Part I we studied mainly func-
tions f(g) on G which satisfy f(kgk’) =f(g) for all g&G, k and k' &K, where K
is again the subgroup of rotations about the origin. In the present Part II we
shall study the behavior of functions and function-spaces on G under the
Fourier transform on G without that restriction. For this purpose it is useful
to consider for each pair of fixed integers m, n the class of complex valued
functions f(g) on G which satisfy

(0.1) f(kiighsl) = e2vind. f(g) - e2vimo

for all elements g of G and all rotations kg, ky through arbitrary angles 0,
4=0, <1.

DEeFINITION 0.1. The class of all complex-valued functions f(g) on G
which satisfy (0.1) for fixed integers m, # will be called the class of spherical
functions of type m, #n.

Our method of studying a given class of functions on G consists in first
studying the subclass of all spherical functions of type #, # and then summing
(in some suitable sense) over m and #. This approach is intrinsically con-
nected with the structure of G and its irreducible representations. Of course,
Definition 0.1 depends on the particular choice of the maximal compact sub-
group K. But since any two maximal compact subgroups of G are conjugate
in G, Definition 0.1 is invariant up to inner automorphisms of G.

We wish to study the structure of various group-algebras on G such as the
algebra D (with convolution as product) of all indefinitely differentiable func-
tions of compact support on G. We shall succeed in characterizing completely
the Fourier transform of D, by proving an analogue for G of the Paley-Wiener-
Schwartz theorem. Thus D will be shown to be naturally isomorphic (via the
Fourier-transform) to a completely determined matrix-algebra where the
matrix-coefficients are entire functions of exponential type satisfying simple
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functional equations. Thus we have a complete characterization of a group-
algebra of a noncompact semi-simple Lie group.

To obtain this characterization of D we study first the subspace D, of D
consisting of all spherical functions of type m, n contained in D. It will be
seen in §2 that for fixed m, n, the Fourier transform of D,,, consists of all
numerical entire functions of exponential type satisfying certain simple con-
ditions. We thus obtain a very well known class of analytic functions, which
can be characterized alternatively as an explicitly defined subspace of the
Fourier transform on the real line of the class D of all indefinitely differenti-
able functions of compact support on the additive group of real numbers.
Thus we shall obtain in §2 a very complete description of D,., and its Fourier
transform, and also relate it to the space D of Schwartz on the real line.

Using the results of §2 about D,,, we shall characterize rather completely
in §3 the whole algebra D and its Fourier transform. This will enable us to
study the dual space D’ of D, the space of distributions in the sense of L.
Schwartz [4] on the real analytic manifold G (see §4 below). We shall also
introduce the space E of all indefinitely differentiable functions on G (with
no restriction on their supports) as a certain topological vector-space. The
dual space E’ of E is the space of all distributions of compact supports on G.
Since the convolution of any two distributions of compact supports exists,
is continuous and is again € E’, hence E’ is a topological algebra. It appears
to be a particularly useful and interesting group-algebra. On the one hand it
contains all integrable functions of compact supports, but also the associative
enveloping algebra of the Lie algebra of G, whose great importance has been
brought out in the work of Harish-Chandra. On the other hand we shall give
in §4 a complete characterization of E’ as an explicit matrix-algebra where
the matrix-coefficients are again entire functions of exponential type.

In §5 we study the subspaces E,., En. of E, E’ respectively, consisting
of the spherical elements of type m, n(€E, E’) in more detail. This leads to
an analogue of L. Schwartz’s [3] theory of mean periodic functions, in par-
ticular to an anlogue for spherical functions of type m, n, of L. Schwartz’s
main expansion theorem for mean periodic functions.

In §6 we introduce the notion of two-sided mean-periodicity, which is not
restricted to spherical functions. We obtain an expansion theorem for two-
sided mean periodic functions by reducing the problem to spherical functions
and applying the results of §5. It seems remarkable that there thus exists a
three-dimensional (simple) Lie group for which an expansion theorem for
mean periodic functions holds, while the corresponding problem for the addi-
tive group of Euclidean vector space is still unsolved for dimension greater
than one.

Some remarks about notation. E denotes the space of all indefinitely differ-
entiable functions on G (this differs from the notation of Part I: the space of
all indefinitely differentiable spherical functions of type 0, 0 is now denoted
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by Eg, not by E). D denotes the space of all indefinitely differentiable func-
tions of compact support on G (this differs again from the notation of Part
I). By E’, D’ we denote their dual spaces.

& denotes the space of all indefinitely differentiable functions on the real
line, D the subspace of & of functions of compact support; & and D’ are their
dual spaces, so that D’ is the space of all distributions on the real line in the
sense of L. Schwartz, & the space of all distributions of compact support on
the real line. For any y(x) €D we put

° 1
0.2) 76 = [ 5@ e [(s = el
so that Y(s) is an entire function of exponential type rapidly decreasing on
the line Rs=1/2. We denote by D tll\e space of all Y (s) so obtained (by the
theorem of Paley-Wiener-Schwartz © is the space of all enEi\t‘e functions of
exponential type rapidly decreasing on Rs=1/2). Similarly &’ is defined, so
that
(0.3) D = image of D under (0.2) and & = image of & under (0.2).

1. Preliminaries. Let g be any element of G, then g is determined by a
pair of matrices

a f
B «
of determinant 1 and g can be written as a product
cosh¢ sinh ¢
sinh ¢ cosh¢ H :

(1.0) g = kg:k with gy = k, B € K.

This has been used throughout Part I and will be used again throughout the
present Part II.

For any g&G and any complex number s we introduce as in §1 of Part I
again the operator U(g, s) acting on functions a(6) of the angle § by putting

dgb7e
(t.1) (06, 9010) = [ 55 ate0.
We shall use again the inner products

(12) 'u,,m(g’ s) = (U(g, s)g?ﬂ‘mﬂ’ e21rz‘n0> — f

0

1 s
[_dée_] e2rimnﬂe—2n‘n0dg.
do

LeEMMA 1.1. For fixed m, n and s the function u..(g, s) of g is spherical of
type —m, —mn in the sense of Definition 0.1 above. For fixed m, n it is real analytic
simultaneously in g and s. For fixed m, n and g, hma(gr, S) is an entire function
of s of exponential type <2¢.

Proof. Let ks be again the rotation through the angle &. Then
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Umn(kog, ) = (U(ksg, 5)e>im8, e27ind) = (U(g, s)e?™im8, U(ks, s)*e2"in?).

But U(k, s) is a unitary operator on L,(0 =0 <1; df) for every k€K and every
complex number s. Hence we obtain

(U(g’ s)e2rim0, U(k_o’ 8)621“'7»0) = <U(g’ s)e2rim0’ e2rin(0_0)> = e2rinoumn(g» S).

Similarly one verifies %nn(gks, ) =€ ™ u,.(g, s).

It is clear from (1.2) that #m.(g, s) is for fixed m and % a real analytic
function on the Cartesian product of G with the s-plane, and is an entire
function of s for fixed m, #, and g. To prove that #,..(g, s) is an entire function
of s of exponential type <2¢, note that (1.2) implies that | #ma(g, s)| S%0(g,0)
=¢(g, ). By Theorem 1 of Part I, ¢(g;, s) is an entire function of s of ex-
ponential type =2¢, hence so is #ma(gs, $).

REMARK. We shall use the following definition of exponential type
throughout, which we have already used in Part I: An entire function F(s)
is of exponential type =<7, if F(s) =0(exp (r+¢€) [ s| ) for every €>0. The small-
est value of 7 for which this holds is the exponential type of F(s). It can be
shown that for functions F(s) which satisfy F(1/2+41t) =0(1) we even have
F(s)=0(exp (r| sl )) for this smallest value of r.

LEMMA 1.2. Let g vary over a given compact subset of G and s over a given left-
half-plane. Then for all integers m, n and every positive integer q

<|ml + 5] +1>q
Cq
14 |n|
<m+ |'s| —I—l)‘l
cy| —————
1+ [n]

where c, 1s a constant depending only on q and the given compact set.

IIA

| umn(g, S) |
(1.3) and

IIA

| “nm(g, 5) ‘

Proof. It follows from (1.2) that

dgh d
_f [ § ] le;mgd — [e—2wtn0]d0
df
f {[ dgﬁ] ez,imao} —2vinddp
o db db
1 def1e+1 def1 1 d%e0
= f {2mm[ g] + s [ g] __g} g2rimgo—2wind .
0 do do dg?

Now dgf/df and d2g/dh? are bounded as g remains in a compact set; hence
[dgf/df]*+! is bounded if in addition Rs is bounded from above. Hence

27w intmn(g, )

1
| 27n1tmn(g, ) | §f {|m]c+ |s|c'}do<c"(|m| + |s]).
0
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Repeating, we obtain

(27in) Uma(g, 5)
1 dgo s+1 dgo s—1 d2g0 ) d ]
= - f {27|'1«m [ ] + [ :I } 321'“"00 — (e—21rzn0)d0
0 do do do? do

1 dghs+? dgbT® d%gb . ] ]
f {27!'17”[ ] + [ :I } 27r1m3211m006—271n9d0
) de do do?
dghe+t d2gh dgo2 [ d2g0\?
+f {21r1m(s+ 2)[ de] 7 + s(s — 1)[d0:| ( — )

[dge:l"_l d3g0 } e?‘n’maOe—ZrirWdB.
do a6’

Therefore, as g and s vary as above,
(271)2%0mn(g, 5) € 2 |m| + |s|)2x|m| + 2x|m| - |s+ 2] + |s2— s+ 5]
=dr|m|2 44w |ms| + |s|2+4mm S co(|m| + |s] +1)2

This proves the part of the lemma for #..(g, s) for g=1, 2. The general ¢
can be treated similarly, as can #..,(g, s).

We shall also need to use the discrete series of irreducible unitary repre-
sentations discovered by Bargmann [1, pp. 620-623]. For each positive inte-
ger / let H; be the Hilbert space of those functions a(z), 5(z), - - - defined and
regular in the unit disc |z| <1 for which

1
ff a- I z|2)"2[ a(z) |2rdrd0 forl > 1,
lz]<1

(1.49) (aan=
I—1+4e
lim —~————ff (1 — | 2|22+ a(z) |2rdrdf for I = 1
m lzl<1

€l0
is finite. As was shown by Bargmann [1, p. 621]
I — 14 m\!
<Zm, zm>l = ( ) R
m

hence the functions
1 — 14 n\!2
(D (n —0.1,2 () = ( ) )
n

form a complete orthonormal set in H;. Following Bargmann we define for
each g&G an operator V*(g, I) on H; by

(1.5) [V*+(e, Dal(z) = (dgz/dz)'a(gz)
and put
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(1.6) Umstnti(@ D) = (V' (g Dym®z", vaD)2 0.
Then
+ m dgz\' 2+ n
V (g, Dyn(De” = (—) 1™ = 3 0vimerle, Dra(D)

dz n=0

converges in the norm (1.4). Using Bargmann’s [1] inequality (9.15) which
asserts |a(z)| <(1—]2|?~"4|a||;, we obtain pointwise convergence for each
z with | z| <1. Let us put at first formally z=e?*#, Then we obtain the infinite
series

it . . hd 7n(l)

> vmrrmii(g, DralDermin® = 2wty (1) 3 vmyr (g, )

n=0 n=0 ')’m(l)
On the other hand for z=¢?"%#

dgz\' m e?ilot dgb lzn'ma"
«d—z 'Ym(l)(gz) - g2 ild <E)e )

eg2ri(ntl) 0'

But from Definition (1.2) it follows that

1l ©
(_‘f;;:) e2rilmtgl — Z un+z.m+z(g, I)g2ritnt)o
n=0

in the sense of convergence in the mean in L,(0 6 =1; df). Using Lemma 1.2
above, it follows that the last series converges even uniformly in 6. Hence
by comparison we may conclude that it is justified to put z=¢?*# in the above
infinite series for V*(g, [)¥m(l)2™ and we obtain

O]

Ym
(1'7) v:+l.m+l(g, l) = Tun-i-l.ﬂbl—l(gr l)r m, n = Oy 11 2) st ;l = 11 21 Sty
Yn

yull) <l -1+ m)m(l -1+ n)—m ~ ((z — 14 m) mz)m

W@ \ m n “\i=1+mm)/)
Similarly one defines V-(g, I) as in §9d of Bargmann [1]. We put for m, n
=0,1,2, -

where

(18) ”;+l,n+l(gv l) = (V-(gr l)‘)'m(l)zm; 7,,(1)2”)
and prove as above that

Ym(l)

va(l)
form,n=20,1,2,3,---;1=1,2,-..

(1.9) v;+l,m+l(gy l) = u—n—l.—m—l(gv l)
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For I=1 we shall write
Yot /vam(l)  form =zl n 21,
(1.10) Oma(D) = {V=m1(D)/¥-na(l) for —m 2 1; —n 2|,
0 otherwise
We shall now prove the analog of Lemma 1.2 for the v%,(g, ):

LeEMMA 1.3. Let g vary over a given compact subset of G. Then for any posi-
tive integer q we can find a positive number c, depending only on q and the given
compact set so that for 1=1,2,3, - - - :;m,n=0,1,2,3, - - -, and g in the given
compact set, we have

l v:!: (g l) l <g¢ [(l-l-—,n-l-lz_z]q
mn\y, = Yeg 1 _
(1.11) and (;:_' "+ él .
x < [_"’_] ,
|1J,, (gvl)|—-cq 1+|n—l|

REMARK. Lemma 1.3 is not an immediate consequence of Lemma 1.2 be-
cause the w,,(l) grow too fast. Lemma 1.3 depends on the existence of the
discrete series, and shows us that the #,.(g, s) ard actually very small at the
integers.

Proof. We use the above expressions of the v%,(g, I) as inner products. For
simplicity we consider only u},(g, 1) since v,,(g, I) and v%,(g, }) are handled
similarly.

By (1.5) and (1.6) we have

doa\!
(1.12) v.,',-.,.(g, D) = yma(Dyai(l) ff <Tig—zi> (gz)™ 2" Y1 — %) %rdrdd

where the integration is over the interior of the unit circle. Thus, proceeding
as in the proof of Lemma 1.2, we have

2ri(n — Dvma(g, 1)

= Ym—t(Dyn-1() l;l f f (E)l(gz) m=l ((%)) (1 — r2)2rdrde
mtead) - f s [( )(g | @ = 7y

1.13

( )=vm_z<lm_,<z)—;— [[# {z(‘igz) o2 (dgz) (g) ™

+ (55) = e 2 a0 1 = i
o g2 Py 82 r2) = 2rdrds.
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By the Schwarz inequality,

Yo sBrpas® = [ [ 5]

l — 1 — _ 1/2
(1.14) < [— f f () R C G 2rdrd0]
s

I-1 2 dgz|? 1/2
X [——— f f YmaD) || | gz |2mD(1 — r2)"2rdrd0:| .
T dz

The first term on the right side of (1.14) is 1 by the definition of vy,_:i({).
To evaluate the second term, call du;(z) = (1 —72)"%rdrdf. Then (see Barg-
mann [1]) dui(2) = |dgz/dz| ~2dui(gz). Thus, the second term on the right
side of equation (1.14) is just

1—-1 — _ 1/2
[— f f Y@ (1 = A 2rdrd0:| =1
s

By similar reasoning we obtain

dgz|*
—‘ | gzl"‘“’(l — ) 2drdd
dz

1—1 dgz|! m_1(l
__ff Y1 (D) Yn-1(D) 'ﬁ‘ [gz|m—l—l| 2 |n—l(1 — ,2)1—2,drdgl < _YL) .
™ dz Ym—1-1(D)
Now, it is clear from the definitions that
— 1! — 1 = 1)N\1/2
i) ((m D! — 1 1>.> BRSPS
Ym—1-1(l) (m —2)! (m — 1!

Using these estimates in (1.13) and the facts that |dgz/dz|, | dgz/dz| 2,
Ia(dgz/dz)/aﬁl, la(gz)/aﬁl are uniformly bounded for |z| =1 and g in the
fixed compact set, we obtain the result for g=1. The result for ¢>1 can be
proven similarly, since several integrations by parts on the right side of (1.13)
produce terms which can be handled like those above.

LEMMA 1.4. Let p be a non-negative integer. Then un.(g, p) =0 for all gEG
if m=Zp and n<0 or if m= —p and n>0.

If r is an integer =1 then #%m.(g, ) =0 for all g&G when n=1—7 and

m <0 or when #=<r—1 and m>0.
Proof. By definition of U(g, s) and u..(g, s) (see (1.1) and (1.2) above) we
have

agfe
= e21rim00 _ Umn(g, 821“’"0.
l: d0:| :Z (& 2)

Writing again z=¢%"% we have as above
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dgz]?
Z”[ g] (gg)m? = Z Umn(g, D)2
dz "

Now if m = and Izl =1 the left side of this equation is regular in 2, the right
side is by Lemma 1.2 uniformly convergent in |z| =1, hence by the unique-
ness of power series #mn(g, ) =0 for all g&G when # <0 and m=p. Now we
use #mn(g, §) =t%_m,—n(g, s) as follows immediately from (1.2) above and con-
clude that u,.(g, ) =0 also for m < —p and = >0.

To prove the lemma for » <1, we use #m.(g7}, §) =#%an(g, 1 —s) which is
also an immediate consequence of (1.2) above.

We shall now make some remarks on the functional equation of #n.(g, s):
By equations (3.4), (3.5) and (3.6) of Part I, #mn(g, 1 —5) = Xmn(5)%ma(g, s),
where(?) for m=0 and » =0,

m j—1—5

n ‘__s ]
(1.15) xomn(s) = T —2 1=
=g = 14sim j—s

while
X—m.n(s) = (—1) mxmn(s) and Xm.—n(s) = (_1)"an(3)

define xmn(s) for all values of m or .
Assume first that |#| = |m|. Then

In] Inl 1
(1.16) xm(s) =+ Il G—9 I ———-
Iml+1 Cmie1y — 1+

Thus, xma(!{+1) =0 if [ is an integer, and ]nl >, Iml =<1. Since un(g, s) is
an entire function of s, this means that #ma(g, —!) =0 whenever |m| <i< [n].
If |m| =|n|, then

[ m] |m 1
Xma(s) = £ I G—149 IT —-
In]+1 Injl41 ] — §

We find that xm.(—1?) =0 for those integers [ such that ]n] §l<|m| . Thus,
we must have %ua(I+1) =0 whenever |z| <I<|m]|.

We shall also use some of the standard properties of vector- and operator-
valued integration. For details see Bourbaki [2].

Let 3¢ be a complete, locally convex, topological vector space, Z a locally
compact Hausdorff space, u a Radon measure on &, and T a map of = into 3C.
For simplicity, we suppose that u is a positive measure, the general case being
handled by taking linear combinations. By L.(%) we denote the space of all
complex valued bounded measurable functions on .

We say that T is integrable (with respect to u) if

1. For any ACH’ (the dual of H), bEL(E) [[A-b(x)T (x) |du(x) exists in
the sense of Lebesgue.

() The product m _1 is defined to be equal to one throughout.
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Denote by Jr(b) the map A— [[A-b(x)T (x) |du(x) of 3¢’ to the complex
numbers.

2. For each bEL,, Jr(b) defines a continuous linear mapping of 3’ into
the complex numbers, where 3¢’ is given the topology of uniform convergence
on the compact sets of JC.

By 2. and well-known properties of topological vector spaces, we can find
an aE&H such that Jr(b)(A)=A-a for all A€3’. If we identify this ¢ with
Jr(b), we see that b—Jr(b) is a map of L,(&) into H.

3. For any neighborhood N of zero in 3C there is a compact set C in E and an
€>0 such that the conditions

b € L(E) sup | b(x) I < sup I b(x) | =1
zEC €=

imply Jr(b) EN.

If T is integrable, we set [Tdu=Jr(1).

Let {ZC, 3¢} be the space of continuous linear mappings of 3¢ into itself,
with the weak topology. We can apply the above definition to maps of = into
{JC, SC}, and thus define operator-valued integrals.

The standard properties of the integrals hold. In particular:

PROPERTY i. Let 3¢5, 3C; be complete, locally convex, topological vector
spaces; let A be a continuous linear map of 3¢, into 3C;, and let T be an
integrable map of & into 3¢;. Then A-T is integrable and

f ATdy = A f Tdy.

Property i is the analog of Fubini’s theorem for vector-valued integrals,
and may be also used to justify interchanging orders of differentiation and
integration.

PROPERTY ii. Let T be a continuous map of Z into 3¢ and let || ||; be a set
of continuous semi-norms on 3¢ which defines the topology of H. If
JIT(@)|l;du(x) <  for all j, then T is integrable.

When applying Property ii to operator-valued integrals, we conclude:
Let T be a continuous map of = into {GC, 5(3} Suppose that, for each a&3e,
a’E3¢’, we have f| a’-(T(x))(a)| du(x) < . Then T is integrable.

We shall also want to use the Lie algebra @ of G.

Let £ be any element of the Lie algebra @ of G and 7 any real number.
Then exp (7£) is well defined and varies for each §&@® over a one-parameter
subgroup of G. Let g—11(g) be any (strongly continuous) unitary representa-
tion of G on some Hilbert-space. Then U(exp (7£)) is a one-parameter group
of unitary operators, hence by Stone’s theorem of the form

(1.17) U(exp (7£)) = exp [r-1(§)]
such that U(£) is a uniquely defined skew-adjoint operator. We define in the
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usual manner the left-derivative L; in the direction £ by

(1.18) (Z)(g) = lim {7([exp (+8)1g) — f(g)}

and a right-derivative R; by
(1.19) (Ref)(g) = lim 1 f(g- [exp =®)]) — (&)}

If f(g) is differentiable at g in the sense of the real analytic structure on G,
these derivatives exist. Now let £ be any (noncommutative) polynomial with
complex coefficients in the elements of G

(1.20) E= D iy ki, (€ 6.
We put

(1.21)  Lg= > cijo..Lyg Ly -+,  Re= D cije..Rey-Ryye - - -

Then

(1.22) UE = 2 e UE)UE) - - - .

is a densely defined operator on the given Hilbert-space. We shall need the
following lemma, whose proof is standard and therefore omitted.

LEMMA 1.5. Let £ be any homogeneous (noncommutative) polynomial (1.20)
in the elements of the Lie algebra © of G and f(g) a sufficiently differentiable
complex-valued function on G of compact support. Then

f (Lef) (U(Rdg = + UE) f (&) (g)dg
[ G

and

S ®p@ues - + [ roucseue.

The right sides of these two equations exist in the usual sense of the product of a

bounded everywhere defined operator by a densely defined operator on Hilbert
space.

2. The analogue of the theorem of Paley and Wiener for spherical func-
tions of type m, n. In §6 of Part I we characterized the Fourier transform of
the class of indefinitely differentiable spherical functions f(g) of type 0, 0
and compact support. We shall now do this for arbitrary type m, n. But we
shall first give another proof of Theorem 8 of Part I which leads to an im-
provement of the Corollary to Theorem 8 of Part I.

Since G/K is naturally (analytically) homeomorphic with the upper half-
plane of complex numbers z=x-+1y, y>0, we see that the class of all (con-
tinuous, differentiable, etc.) functions f(g) =f(gk) is in natural 1-1 correspond-
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ence with the class of all (continuous, differentiable, etc.) functions f(x, ¥)
defined for y>0. The Haar-measure on G/K must (by its uniqueness) go
over into the G-invariant measure dxdy/y* (up to a multiplicative constant).
The spherical functions f(g) =f(kgk’) are in natural 1-1 correspondence with
the functions f(x, y) defined for y >0 which depend only on the hyperbolic
distance of z=x-+1y from the point 7. One can choose the arbitrary multipli-
cative constant so that

m@=]}@agmk=ﬁif}nww

holds for all (integrable) spherical functions of type 0, 0. Introducing the
variable r=y~!- |z—i| 2 and writing f1(r) =f(x, ) one obtains for the function
Foo(s) of §1 of Part 1

dxdy
y2

Foo(s) =f eC1Dvg(y)du

where
g(u) = flev 4+ e — 2)

and
flw) = f (r — w) 12y (r)dr = Zf f1(w + 72)dr.

These formulas are known and have been used by A. Selberg in his lectures
at the Institute for Advanced Study 1954-1955; see also Harish-Chandra [1].

As f(g) varies over all indefinitely differentiable spherical functions of
compact support and type 0, 0, i.e. over the space Dqq, fi(7) varies over all
indefinitely differentiable functions of compact support of one real variable
7=0 which are also indefinitely differentiable from the right at 7=0. Hence
f(w) varies over certain indefinitely differentiable functions of compact sup-
port of one real variable w=0 which are indefinitely differentiable from the
right at w=0. However, the mapping fi(r)—f(w) can be inverted by

daf

—dw
dw

) = —— [ w0
™ T

which shows that the mapping f(g)—f(w) is a topological isomorphism of Do
onto the topological vector space of all indefinitely differentiable (including
at w=0-) functions f(w) of compact support and defined for w=0. Hence
we obtain all even indefinitely differentiable functions ¢(#) of compact sup-
port. Now we can apply the classical theorem of Paley-Wiener-Schwartz
and obtain all entire functions Fyo(s) = Foo(1 —s) of exponential type which
are rapidly decreasing along Rs=1/2. This gives another proof of Theorem 8
of Part I.
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Now assume that fi(r) =0 for 7>7,>0. Then the above expression for
f(w) in terms of fi(r) implies immediately that f(w) =0 for w>7,. Conversely,
if f(w) =0 for w>7,, then so is df/dw and hence also fi(r) =0 for 7>7,. The
relationship between 7 and the parameter { which we used throughout Part I
(see 1.9) of §1 of Part I) is easily obtained by letting g; act in the upper half-
plane, g;:z—e%z, in particular g;:7—e%i. Hence

| e2i — |2

T = = ¥ % -2,
e +

Thus, using the parameterization f(g)«<>f({) as described by (1.10) of §1 of
Part I, we see that f({) =0 for { >{¢>0 if and only if g(#) =0 for > 2¢,. Now
let us apply the known relationship between the support of ¢(#) and the
exponential type of Fo.(s) as contained in the classical theorem of Paley and
Wiener and we conclude that Fyo(s) is of exponential type =<2{, if and only
if g(u) =0 for u>2¢,, which in turn is equivalent to f(¢) =0 for {>{,. This
proves

PRrOPOSITION 2.0. Let f(g) EDyo and write f(g) =f(¢) in the sense of (1.10)
of §1 of Part 1. Then Foo(s) is an entire function (rapidly decreasing along
Rs=1/2) of exponential type <2{oif and only if £({) =0 for {>¢o.

By D we denote the space of indefinitely differentiable functions of com-
pact support on G. The topology of D can be described as follows: For any
compact subset C of G, denote by D¢ the space of all functions of D which
vanish outside C; D¢ is a metrizable topological vector space, and a sequence
{f.-} converges to zero in D¢ if, for @ any differential operator on G with
indefinitely differentiable coefficients, df;—0 uniformly on C. Among all
locally convex topologies that can be put on the set of functions of D, D is
given the strongest topology so that the topology induced on each D¢ is the
topology of D¢. Thus, a fundamental system of neighborhoods of zero in D
consists of those convex sets N for which NN\ D¢ is a neighborhood of zero
in D¢ for all C. D is a complete locally convex topological vector space which
is not metrizable. D is also a Montel space, that is, the closed bounded sub-
sets of D are compact; moreover, D is reflexive.

An important step in the study of the Fourier transform on G is to de-
scribe completely the Fourier transform of the space D. The analogous prob-
lem for the real line in place of G is solved by means of a theorem of Paley
and Wiener (see Paley and Wiener [1], Schwartz [4]); the characterization
of the Fourier transform of the spherical functions of type 0, 0&D was given
by the authors in Part I of this series (see Ehrenpreis and Mautner [1]).
In order to do this for the whole space D we study first the Fourier-transform
of D, for fixed m and #.

Let f(g) be any locally summable function on G and put
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(2.1) Ped)® = [ [ 2:B2n@sChe)2R2Y

where K is again the subgroup of plane rotations of G, xm(k) =27 if k is
the rotation through the angle 8, and dk is the Haar-measure on K normalized
so that [xdk=1. From (2.1) one gets at once

(2.2) (Pmnf) (kgE') = xm(k)f(g)Xn(k')
for any k, €K and g&G. Now put
(2.3) Dun = PuuD.

LEMMA 2.1. P, is a continuous projection of D. Hence Dy, ts a closed
linear subspace of D. It consists exactly of those fED which are spherical of
type m, n in the sense of (0.1) above.

Proof. It is easily seen that (f, &, 2")—>xn(k)x.(k")f(kgk’) is a continuous
map of DX K XK—D. Since K is compact, the result follows immediately
from the theory of integration of vector-valued maps (see §1 above).

By Lemma 2.1, we may give D, the topology induced by D and obtain
a complete topological vector space, which we again denote by D,.., which is
easily seen to be a reflexive Montel space and of type (LF) in the sense of
Dieudonné and Schwartz [1].

LeMMA 2.2. Let ® be a bounded subset of D. Then for any j >0, >0 and
any fE® we have

(2.4) (Pmaf)(g) = O[(|m| + 1)7(| n| + 1)~7]

uniformly for fE® and gEG. In particular, for any f&ED, Punf is rapidly de-
creasing in m and n (see Schwartz [4]).

Proof. By (1.9) of Part I or (1.0) of the present Part II, we can write
g=Fkgk’. Let ? be an element of the Lie algebra of K, then the left-derivative
Ly and the right-derivative R, have been defined in §1 (see (1.18) and (1.19)
above). Now, since ® is a bounded subset of D, it follows that for any positive
integers j and I (L} R5f)(g) is bounded uniformly for g&€G, fED. Thus

(2.5) sup | (L;Rf)f)(g)] = M,
TIER.IECG
Then

(PLdRif)(g) = f fm Ton(B) Tn(B) (LIRS ) (Rgh') kR

= Gim) i) e (B xal B) (LIRS (Rgk)dRAE
(im)"(in) ffmx (B) %a(¥) (LRSf) (Rgk)
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by integration by parts. Thus

Since ® is bounded, all the functions €® have their supports in a fixed
compact subset € of G. It follows immediately from (2.6) that

sup | Pra(LaRof) ()| = M ;-u(e)
1E6G,rER

where u(@) is the Haar-measure of €. By (2.7) this means

sup_ | m[' nli] (Paf)(®) | S Muu(@).
1€EG,7ER
This proves the assertion of Lemma 2.2.
For future reference we state the following lemma whose proof is con-
tained in the above.

LEMMA 2.3. For all positive integers j, I, all integers m, n and any fED, g &G

2.7 PunLsRof = (im)’ (in)' Punf.

Let us denote by {D, D} the space of continuous linear maps of D into
D with the compact-open topology, that is, 9 is a neighborhood of zero in
{D, D} if we can find a compact set ® of D and a neighborhood of zero 91
in D so that 9 contains all s& {D, D} for which s(f) ENM for any fE®. It is
readily verified that {D, D } is a complete, Hausdorff, locally convex, topologi-
cal vector space. By I we denote the identity map of D—D.

LEMMA 2.4. The series D m.n Pmn converges in the topology of {D, D} tol.

Proof. Let ® be a compact set in D; we must first prove that ) Pp.f con-
verges in the topology of D uniformly for fE®. Now (see Dieudonné and
Schwartz [1]) all functions fE® have their supports in a fixed compact set
e* of G; since K is compact it follows easily that we can find a compact set
€ of G so that, for all m, #n and all fE®, Pnun(f) EDe. We shall show that the
series EP,,,,.f converges uniformly in D¢ for fE®. For this purpose, it is
sufficient to show that, for d any operator of partial differentiation on G with
indefinitely differentiable coefficients,

3 max | (0Pma())(g) |
veC

converges uniformly for fE®. For any m, n, and any k, k' €K, let t,.(k, k')
be the map of D—D:

((tmn( Ry B))f)(8) = Xm(R) Xn(R)[(RgE')
for any f&D, g&G. Then it follows from the theory of integration of vector
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valued maps (see §1 above) that, for any fED,

(0Pmnf) = foKa(lm,,(k, k) (f)dkdk'.

Then, by the above,

P mnf = fK fKa[tm,.(k, EY](f)dkdE

=f fi,,.(k))'(,.(k’)a[L(k“)R(k’)](f)dkdk’
KY K

where L(k) denotes left translation by 2 and R(k’) denotes right translation
by k’. Since {dL(k~)R(E")f} s ex.seq is bounded in D, it follows, as in the
proof of Lemma 2.1, that

| (0Pmaf)(g) | < a1 + |m|)2(1 + | n])2

where « is a constant depending only on d and B. Thus,

2. max | (8Pmf)(g) |
9EC

converges uniformly for f€® which proves the convergence of > P, in
{D, D}.

We must still show that ) P,. converges to I. For this it is sufficient to
show that, for any fED, and any gEG, D (Pmf)(g) =f(g). Now, consider the
function 2 on K XK: k(k, k') =f(kgk’). Since K is the ordinary circle group,
we have
(2.8) h(k, B) = 22 xm(E)Xn(k') Frmn

where
Bmn = Bk, B xXm(R) %n (k' dRdR'
foK< ) &m () %)
(Pl

because we have already shown that the right side of 2.9 converges absolutely
and uniformly for (k, ') ©K XK. Taking (k, ¥’)=(1, 1) in (2.8) we find

flg) = h(1, 1) = 2 (Pmaf)(8)

which is the desired result.

The Fourier transform on G is given as follows. Let f(g) be a complex-
valued integrable function of compact support on G. Then we know that the
integral
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2.9) meiﬂmmww@

exists for all integers m, #n and every complex number s. Now let v%,(g, 1) be
the matrix-coefficients of the discrete series of irreducible unitary representa-
tions of G (cf. (1.5)—(1.8) or §1 above). We put

2.10) fon®) = [ 7@, D
G

The Fourier transform of f(g) is the triple {Fpna(s), fin(), ()} and we
write(®)

(2.11) Tf = {Fon(s), frnlD), frn(D },
(2.12) Szof = (an(s))°

We shall now prove the analogue of the Paley-Wiener theorem for the space
D, for fixed m and #, i.e. characterize TD,,,.

THEOREM 2.1. Let m and n be any fixed integers. The following two classes of
complex valued functions F(s) are identical:

(a) The class of all functions of s which are of the form [f(g)umn(g, s)dg with
f(g) varying over D,,, for fixed m, n.

(b) The class of all entire functions F(s) of exponential type which are
rapidly decreasing on the line Rs=1/2 and satisfy

(2.13) F(1 = 5) = Xma($)F(s)

and
ifmz0, n<0 for s=0,1,---,m,
ifm<0, n=0 for s=0,—1,-2,---,1—n.

(2.14) F(s) = 0] "
fm=0, n>0 for s=0,1,2,---,m,

ifm>0, =0 for s=0,—1,—=2,---,n+ 1.
REMARK. The functional equation (2.13) implies that
(2.14a) F(s) =0fors= — |u| +1, = |n|, -, —=|m]| if |n] > |m]
andfors = |n| + 1, |u| +2,---, |m| if |m| > |n].
Proof. Assume f(g) €ED. From the expression (1.4) of Part I for the
Umn(g, 5) it follows that #,.(g, s) is for fixed m, n and g an entire function of

(®) Note that if f(g) is spherical of type 0, 0 then f,:n(l) =f..(1) =0 for all m, n and I and
Fun(s)=0for all s, m, n unless m, n=0, 0 so that the present definition of T f coincides with that
of Part I for spherical functions of type 0, 0 if we identify the matrix { Fun(5)0modno} with the
function Foo(s).
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s of exponential type, simultaneously analytic in g and s. Also ]u,,.,,(g, s)l
Zuo(g, o) =¢(g, o), hence Theorem 1 of Part I implies that u..(g, s) is of
exponential type =2 (see also Lemma 1.1 above) where g ="Fkg:k’ as in (2.5)
above (see also §1 of Part I). Hence, f(g) being of compact support, the
integral [f(g)umn(g, s)dg converges to an entire function of exponential type.
Moreover, if f(kgk’) =0 for {>v then F,.(s) is of exponential type =2u.
Since #n,.(g, s) satisfies the functional equation (2.13), so does F.(s) (see §3
of Part I and Bargmann [1, (6.23), (6.25), (6.29) and (10.27)]). Moreover
Lemma 1.4 implies (2.14). This proves Theorem 2.1 one way.

To prove the converse we assume F(s) is a given numerical valued entire
function of exponential type rapidly decreasing on Rs=1/2 and satisfying
(2.13) and (2.14). We proceed in several steps.

LEmMA 2.5. Let f(g) €Ly(G) and Pn.f=f. Assume that L.im. [f(g)tmn(g,
1/2+414t)dg = F(1/24it) satisfies si(1 —s)iF(s) EL,(Rs=1/2, dt) for every posi-
tive integer j. Then f(g) is indefinitely differentiable.

Proof. Let A be again the group-invariant Laplace operator as at the be-
ginning of §4 of Part I. If f(g) €D, then TAf= {s(l —58) Fon(s), 11 =Dfr(D),
(1 —l)f,;,,(l)}. For fixed m, n the restriction of A to D, is an ordinary for-
mally self-adjoint second order differential operator A,,, (see Bargmann |1,
§10c]). We now define a self-adjoint (hypomaximal) extension Amn of Ann
whose domain is a dense linear subspace of the Hilbert space Pn.L:(G) as
follows: If fE PnnL2(G), then f shall be in the domain of Amn if and only if
s(1~s)F,,.,.(s)€L2(Rs=1/2, dt). We define Apnf by TAmnf = {s(1 —5) Fra(s),
11 =DfE0}.

Note that since Ppaf =f, fi,(I) #0 only for a finite number of values of .
The operator Ann» so defined is self-adjoint hypermaximal densely defined on
the Hilbert space PnnL:(G) and ApnDAn.. By hypothesis s7(1—s5)7Fpa(s)
€ L,(Rs=1/2, dt) and since fZ,(I) =0 for almost all , the Plancherel formula
for Ly(G) restricted to Pn,L:(G) tells us that there exists a unique element
fi€PmnLs(G) such that Tf;= {s'(l—s)’ wn(), V(1 =0)if *.(1)}. Hence by the
definition of Amn we see that f is in the domain of Al and f;=Ai,.f for every
j=0,1,2, . This implies that f(g) is indefinitely differentiable as follows:
For z//ED,,.,,, we have (Al.f, ¥)=(f, Ai..¢). Given any integer >0 there
exists an integer ;>0 and a Green’s kernel &; of class C* such that f;A7
=AiR;=1I on D,.. Now f;j=AfE L, hence is the second derivative (in the
sense of distributions) of a continuous function, hence f=8;f; is of class
Cr2. (A similar argument is carried out in detail in L. Schwartz [4].) This
proves Lemma 2.5.

REMARK. Lemma 2.5 can also be proved using the Fourier inversion
formula for G by showing that A can be applied under the integral sign. This
can be demonstrated e.g. by using the theory of integration of vector-valued
maps (see Bourbaki [2]).
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We shall now complete the proof of Theorem 2.1. Let E be the space of all
indefinitely differentiable functions on G and E.,,=Pn.E.

We are given a function F(s) belonging to the class (b) of Theorem 2.1 for
fixed m and n. We conclude first that there exists a unique element f(g)
EPunL2(G) such that Tf= {%}(s), fr(), f—(l)} where the operator {(s) has
for each complex s the matrix coefficients F,,(s) = 8,m0,,F(s) and the operator
f£(2) has for each integer >0 the matrix-coefficients f (1) = 8undyn F(—)wmn(l).
Thus ft(J) has for each / only one nonvanishing matrix coefficient #, n and
for this m, n the function fZ,(I) vanishes for almost all /, as follows from the
definitions. Also F(1/2+41it) ELy(Rs=1/2, 8t). Hence using (2.3), the Plan-
cherel formula for G (and §3 of Mautner [4]) we see that {F(s), f+(2), f~() }
are in the range of ¥ where at the moment < is considered to be a unitary
mapping defined for the whole of Ly(G) (cf. Mautner [4]). Thus there exists
an element f(g) € PmaLy(G) such that Tf = { §(s), f+ (), f-() } By Lemma 2.5,
f(g) EE, hence f(g) € Emn.

By Bargmann [1, p. 613, formulae (6.22)] there exists an element £ in
the associative enveloping algebra such that the operator U(§, 1/244t) as
defined in §1 (see (1.22) above) satisfies

(2.15) Uk, 1/2 + it)e? M0 = (M — 1/2 — it)e2=i(M-D8,
Thus the element £ satisfies
m 2xs M0
Ut
(2.16) (&1, 5)e

= (M —j+1—s)eriM=m0 for Rs =1/2 and m > 0.
J

=1
Similarly there exists an element & such that

(2.17) U 9e™ "
) =1V +j— 1+ s)e=i®¥+m¢ for Rs = 1/2 and n > 0.

Now let k(g) €D and again 3¢(s) = [h(g) U(g, s)dg. Put a(g) =(Lgk)(g), b(g)
=(Rga)(g), c(g) =(Rgrh)(g) and e(g) = (Lgrc)(g). We write A(s) = fa(g) U(g,
s)dg, ®(s) =fb(g) U(g, s)dg etc. Then Lemma 1.4 implies for Rs=1/2

(2.18) As) = U, %),  ®(s) = AU (s, 5) etc.

Hence, combining these formulas we get for the matrix coefficients 4 ,4(s),
Byo(s), + - - of the operators %A(s), ®(s), - - -

A5es) = TL (b = G+ 1 = ) Hpom s,

(2.19) .
Bpo(s) = H (g—n+j—14 545,0-4(5).

=l
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Hence

(2.20) By = IL(p =i+ 1= 9 L (g = j + VHpomon(s).

i=1

Similarly

(2.21) Coi®) = I (04 7 = ) p.01n(s)

i=1

hence
2.2 Ep®) = L@+ 7= 9 IL (0 =5+ 1 = )Hyonaens).

These formulas hold for Rs=1/2 by Lemma 1.4. However since k(g) ED,

so are a, b, ¢ and e, therefore A ,,(s), Bpgl(s), - - - are all entire functions of s.
Hence (2.20), - - -, (2.23) hold for every complex number s. We have thus
proved

LEMMA 2.6. Let h(g) ED. For any non-negative integers m and n put a(g)

=(Lh) (), b(g) =(Rga)(g), c(g) =(Riph)(g) and  e(g) =(Lijc)(g). Then
Hyo(s), Ape(s), + - - arerelated by (2.19), - - -, (2.22) for every complex number
s and all integers p, q.

We shall assume at first that m, # =0 and #» =m. Suppose first that f(g) is
such that

(2.23) F(s)=0for s=0—1, =2, -+, —m.
Write

) = [LG =G =149 1L G-

=1 j=m+1
=JIG-9I1G-1+9
j=1 =1

so that F(s)/Mmn(s) = F(1 =5)/Mma(1 —s). Thus, by the known result for Dy
(see Proposition 2.0 above or Theorem 8 of Part I) there is an %(g) EDgo with

f (g too(g, $)dg = F(5)/mmals).

As in Lemma 2.6, call =R;*Lg"h. Then it is clear that b(g) €D, and, by
Lemma 2.6 we even have b(g) €D,,. In addition, b(g) =f(g) because both
have the same Fourier transform F(s). This concludes the proof for the case
n=m =0 as regards functions F(s) satisfying (2.24).

Let us note the following: D is dense in Ly(G) so, by applying Pna, we
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see that Dy, is dense in PmaL2(G). The matrix coefficients #ma(g, I) (=0, —1,
—2, -+ -, —m) are real analytic linearly independent functions on G. There-
fore, they are linearly independent over an arbitrarily small open subset of G.
Thus we can find indefinitely differentiable functions ¢o(g;), - « -, gm—1(gs) of
arbitrarily small supports in {, so that

fq:’(g)umn(g, j)dg = dij, i:j =0,1,---,m— 1.

We write Qi(s) =/qi(g)%mn(g, s)dg; since qi(g) EDma, each Q;(s) is an entire
function of exponential type which is rapidly decreasing on Rs=1/2. The
exponential types of the Q;(s) may be made as small as we want.

For an arbitrary F(s) as above, call

-

m—1
F(s) = F(s) — > F(—1)Qi(s).
=0
Then there exists f(g) € En.N\L; satisfying Tof=F(s). Also F(s) satisfies
(2.24), so, by what was proven above, f is of compact support, i.e. fEDp,.
But, f(g) =7(g) + 27" F(—1)gi(g) because both members of this equation
have the same Fourier transform. This proves that f(g) € D,... This completes
the proof of Theorem 2.1 for the case n=m=0. The cases m=m =0 and
m, n <0 can be handled similarly.
To complete the proof of Theorem 2.1, we consider the case m 20, n <0,
—mn=m; the other remaining cases are handled similarly. Suppose F(s) be-
longs to the class (b); then it follows immediately from (2.15a) and (2.15b)

that F(s) =0 for s=n+1, - --,0,1, - - -, m. Thus, if we set
mmn(s) = [LTG =1+ I1 G — ),
=1 i=1

we have, as before, F(s) =ZoLg"- R"h where A& Dy is defined by
H(s) = F(s)/ﬂmn(s)-
Since L¢*Ry™h & Dy, this concludes the proof of Theorem 2.1.

PROPOSITION 2.1. f(g) =f(kgik’) E Dy vanishes for ¢ Zv if and only if F(s)
is an entire function of exponential type <2v, i.e. v is the smallest number such
that f(gr) =0 for all § Zv, if and only if 2v is exactly the exponential type of F(s).

Proof. If (m, n) =(0, 0), the result is proved above (see Proposition 2.0).
It follows immediately from the Lemma 1.1 that, for arbitrary (m, n), if
f(g) =0 for { Zv then F(s) is of exponential type <2v. Let (m, n) be arbitrary.
Then, from the known result for (0, 0) and the fact that, if £(g) €Dy, vanishes
for { Zv then also P,o7 + h(g) * Pon£; vanishes for { =v, we deduce as in the
proof of Theorem 2.1 that if F(s) is of exponential type <2v, and satisfies
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(2.24), then f(g) =0 for {=v. Finally, we note that if F(s) does not satisfy
(2.24), then using the above result for functions satisfying (2.24) and the fact
that the functions g¢;(g;) introduced in the proof of Theorem 2.1 may be as-
sumed to have their supports in an arbitrary small neighborhood of 0, we
deduce easily the general result.

We have seen in §1 above (Lemma 1.1) that #,.(g;, s) is an entire function
of s of exponential type <2¢. As an immediate consequence of Theorem 2.1
and Proposition 2.1 we have

COROLLARY 1. For each { >0 and all integers m, n the function U..(gs, s) s
an entire function of s of exponential type precisely 2¢.

As another immediate consequence of Proposition 2.1 and the well known
property of the exponential type of a product we have

COROLLARY 2. Let f1(g) EDmn and fo(g) EDnyp. Suppose §; is the smallest
number such that f;(g;) =0 for all ¢ >&;. Then {14§e s the smallest number such

that (fi+f2)(ge) =0 for all > 1+

Theorem 2.1 characterizes completely the set of Fourier transforms of the
functions of D,. Denote by ToD., the set of all £of for fFE D, s0 ToDma is a
vector space, and T, is a one-one linear map of Dy, onto ToDn,. We give
ToDnn the topology to make T a topological isomorphism, and we obtain a
topological vector space which we denote again by T¢Dpn. For any v>0 we
call Dz,, the space of those fED,.. where f(g) =0 whenever g =~kogks, { 2.
Thus, D, is the inductive limit of the spaces D%a for v integral. Denote by
T oD%, the space of all Tof, fE D%, In order to describe the topology of
ToDmm, we shall first describe the topology of oD%n. Since ToD%n is metriz-
able, it suffices to describe the convergence of sequences.

THEOREM 2.2. Let {Fj} be a sequence in ToDiun. A necessary and sufficient
condition that F;—0 in oD%, is: For any polynomial P, PF;—0 uniformly in
some strip about R(s)=1/2.

Proof. For each j, set f;=ZT5!F;. Suppose first that f;—0 in D%,. Then
for any 7, A7f;—0 uniformly on G. From this it follows immediately that

s7(1 = 8)Fi(s) = f 7 (g, 08— 0

uniformly on R(s)=1/2. Thus, for any polynomial Q, Qf;—0 uniformly on
R(s)=1/2. By Proposition 2.2 we can find a »’ such that all F; are of ex-
ponential type <v’, it follows easily from a theorem of Phragmén and Lindelf
that QF;—0 uniformly in any strip about R(s) =1/2.

Conversely, suppose that, for any polynomial Q, QF;—0 uniformly in
some (hence any) strip about R(s) =1/2. For each j, if min (m, n) 21>0, set
1)) = wma(l) Fi(—1), while if min (—m, —n) 21>0, set 7 (1) =wm () F;i(—1);
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for all other choices of m, n, [, set f;#(I) =0, fi () =0. It follows that for each
L, fi+(D—0, fi(1)—0.

Now, set f;=T5'F;. Then (see Harish-Chandra [1], Mautner [4]) for
s=1/241t

0 = [ i) 9+ T 2= D)) *e, D
R(s)=1/2 l

+ 20 (21 = Df; () (vmn)*(g, )
l

where 8¢ =1 tanh wtdt, dt being the usual Lebesgue measure. Since | #ma(g, 5)|
=1 for all g, R(s) =1/2, we see that

—0

‘ f Fi(s)umn(g, s)*ds
R(s)=1/2

uniformly in g and even, for any r,

AT fR(‘)alnF,‘(S) (u'"n)*(g, 8)65

—0

f s™(1 = 5)'F (s) (#mn)*(g, 5)8s
7 (s)=1/2

uniformly in g. On the other hand each v#,.(g, [)EL,(G) since they are the
matrix-coefficients of unitary representations. Thus, for any r,

Af[ % @ = DABEEIE D + T @ - D506 z)] 0

uniformly on G. This proves that, for any 7, A’f;—0 uniformly on G, which is
the desired result.

For any »>0 denote by D?,, the space of all F(s) E¥oDn. which are of
exponential type =2v. The topology of D%, is defined by the countable
number of semi-norms

sup | sF(s) |
0<Rs=1
for r=0, 1, 2, - - - . Thus D%, is metrizable. Denote by ® the ordinary

Fourier transform on the additive group of real numbers of the space
D=D(— o, o) of Schwartz of all indefinitely differentiable functions of
compact support defined on the real line, and make the change of variable
s—1/241s (see (0.2) and (0.3) above). The space D,, is a closed subspace of
D, hence D3, is complete. Now, by Proposition 2.2 we have D, = Z,D?,, for
every v>0. Moreover, by Theorem 2.2 above, the topology induced by
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oD?,, on D, is exactly the topology defined on DZ, by the above semi-
norms. Thus (see Dieudonné and Schwartz [1]) 4D, is the inductive limit
of the space D%,, for v integral.

For each >0 denote by ©° the space of all FED of exponential type
<20, with the topology induced by . We know (see Ehrenpreis [3; 4]) that
D is the inductive limit of the spaces ©° for v integral. It follows from the
definition of the topology of D%, that D%, has the topology induced by .
Thus, by the definition of the topology of an inductive limit (see Dieudonné
and Schwartz [1]) it follows that the topology of ;D is stronger than the
topology induced by D.

On the other hand, if 9T is a convex neighborhood of zero in T¢D,um, then
denote by 91 the set of FED for which [F(s)+F(1—s)]/2E€N. It is clear
that 91 is convex and, by Theorem 2.2 and the results of Ehrenpreis [3; 4],
MND? is a neighborhood of zero in B? for each v. Thus, 9 is a neighborhood
of zero in ®. Clearly MNZT oDy = 9N. We have thus proved

THEOREM 2.3. The topology of LoD is that induced by the space D.In any
case, the topology of ToDpn s stronger than that induced by D. In regard to se-
guences and bounded sets, the topology of LoD ts that induced by D.

The classical theorem of Paley and Wiener was stated for L,-functions of
compact support rather than indefinitely differentiable functions. In our case
the description of the Fourier transform of the space of all L,-functions of
compact support on G, which are of fixed type m, n is an immediate conse-
quence of Theorem 2.1 and Proposi‘ 0.1 2.2 above. Indeed, on the one hand
the indefinitely differentiable functions f(g) of type m, n which satisfy f(g;)
=0 for {={, are dense in the space of L,-functions of type m, n for which
f(gt) =0 for { >{o. On the other hand the entire functions F(s) of exponential
type <2¢ which rapidly decrease on Rs=1/2 are dense in the space Ly(— o
<t< o ;ttanh 7 tdt) of entire functions of exponential type <2{; this dense-
ness is preserved if one restricts oneself to functions F(s) which satisfy the
functional equation (2.14) above.

3. The analog of the Paley-Wiener theorem for D. In §2 we characterized
the Fourier transform TD,,, of the space D, for fixed m and n. We now pro-
ceed to do this for the whole space D. First we need

LEMMA 3.1. Let us choose for each m, n an fou, © Dmn. Suppose that for some v
(independent of m and n) we have fmnn S D for all m and n. Suppose in addition
that, for any polynomial Q in two letters, and any integer j =0 we have

sup | Q(m, 1) (A7 fma)(g) | < .

g,m,n

Then Y fma converges in D.

Proof. Let ¢ denote a suitably normalized element in the Lie algebra of G
in the direction of K. Then for any m, n, we have clearly (Lofma)(g) = mfmn(g),
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(Rsfmn)(g) =nfmn(g). By making a suitable translation, if necessary, we may
assume that we can find a neighborhood of 1 in G such that for no m, # does
the support of f..(g) intersect this neighborhood.

Now, it is clear that the series Y fnn defines a continuous function f of
compact support which vanishes inside of the fixed neighborhood of 1. In
order to show that the series D fn. converges in D, it is sufficient to consider
the operators 9/9¢, Ly, and Ry;. Now (see Bargmann [1] formula (4.19)) by
subtracting a suitable combination of Ly and Rs from A we obtain an operator
A’ which is a second order differential operator in d/9¢ only, whose coefficients
are real analytic functions of { for { > e. Now, for the definition of L. Schwartz’s
topology of the space D on the real line the powers of any second order
differential operator with real analytic coefficients may be used in place of the
powers of d/dx, as is easily verified. It follows that the topology of D (outside
the given neighborhood of 1 in G) can be described by the operators A’, L,
and R;. The above implies that for any p, g, r >0 the series

Ysup | [(A)"LoRsfmn)(®) |

converges. This proves that )_fm. converges in D which is the desired result.
By similar reasoning we deduce

LEMMA 3.2. Let v>0; suppose that for each m, n we have a sequence finn of
Sfunctions in Du.. Suppose that for each polynomial Q in two letters and each j,

sup | Q(m, n)(a’72.)(g) — 0.

g,m,n

Then Y {#.—0 in D.

THEOREM 3.1. The following two spaces of matrix-valued functions Fp,(s)
of one complex variable s are identical:

(@) AU Fun(s) of the form [af(g)umn(g, s)dg as f(g) varies over the space D
of indefinitely differentiable functions on G of compact support.

(b) All matrix-valued functions Fn.(s) which are (i) for fixed m and n con-
tained in LoDma; (i1) of exponential type <v, where v is independent of m and n;
(iii) for any polynomial Q in three variables

(3.1a) sup { sup  |Q(m, 1, $)Fna(s) | } < o,
mm  \Rs=1/2

(3.1b) sup { sup |Q(m, n, l)f:n(l) l} < o
m,n 1=1,2,...

where(*), for 0<I=min (m, n) we define fi,(I) =WunFun(—1), we define fi(1)
(*) The w..(l) are defined in (1.10) above.
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=WmnFmn(—1) for 0<I<min (—m, —n), and for all other values of m, n, |
we define fZ,(1) =0.

Thus the algebra D (with convolution as product) is isomorphic to the
algebra of all matrix-functions Fn..(s) satisfying (b) (with matrix-multiplica-
tion as product for each s).

Proof. By Lemma 2.4, Y m.n Pmnf converges to f in the topology of D.
Also if f(g) =f(kgk’) =0 for {>v/2, then

(Punf)(8) = f f xn(B)xalk) (e ) dkdE' = 0 for £ > v/2.

Therefore by Theorem 2.1 and Proposition 2.2, F..(s) is of exponential type
=<w, noting that

(3.2) [ Hemnte, )i = [ (Pand)@itonls, 515

Thus Fpn(s) EToDmn. This proves that if f(g) €D then conditions (i) and
(ii) of (b) hold for F,.(s). To prove (iii) i.e. (3.1) we observe that for any
polynomial Q; of two variables and any j=0,1, 2, - - -

(3.3) sup | Qu(m, m)AI(Pmaf)(8) | <

m,n,g

was proved in §2 above (see Lemma 2.2). Now for Rs=1/2 we have
Iumn(g, s)| <1 and for [=1,2,3, - - - we have ]vﬁn(g, l)l =<1, because these
are unitary matrices. Moreover the support of (Pn.f)(g) is contained in a
compact set independent of m and n#. Hence for any integer j

Qi(m, n)si(1 — $)Fumn(s) = Qu(m, n) f GA"(P,..nf)(g)um(g, s)dg.

Hence by (3.3), supm,»,rs=y/2 |Q1(m, n)si(1—s)7 ,,m(s)| < o, Moreover for any
j=0,1,2,. ..

Qulm, I = D'f2l) = Qulom, ) [ 8" (Prn)E)5mnle, D,

Hence

sup { sup |Q1(m, n)li(1 — l)"fi,.(l) | } < oo,

m,n 1=1,2,..., min(|m|,|n|)

This proves that the class (a) of Theorem 3.1 is contained in the class (b).
Now given Fn.(s) satisfying the conditions (b), then for fixed m, n we

apply Theorem 2.1 and obtain a unique function fux(g) EDm. such that

T ofmn = Fma(s) for this fixed m, n. By (b) condition (ii) all Fn.(s) are of ex-

ponential type <v where v is independent of m and n. Hence by Proposition
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2.2, all fa(g) have their supports contained in one compact subset of G which
is independent of m and n. Now set

(3.4) fon(8) = 2 fnD) @mn)*(g, D2 = 1),

1
(3.5) fmg=;ﬁw@m@mm—m
(3.6) Fonl(g) = f Frn(1/2 + if) (tma)*(g, 1/2 + i0)5L.
If Qi is any polynomial in two variables, then
(3.7) sup | Qu(m, m)A fan(g) | < foreachj = 0,1,2, - « -
follows from (3.1) and the fact that
(3.8 | Atpma(g, 5) ‘ = I s (1 — 8) "Uma(g, s) | = | si(1 — s)"| for Rs = 1/2,
Now

min (| ml|,|=])
(3.9) fal® = L m)E D)2 = 1)
therefore

+ min (| ml,|n]) +

(3.10) [fm@| s X [fm®] @ =1D.

I=1

Now for any polynomial Q. in two variables we have by (3.1b)

Qs(m, 1) fan(l) = O(m™)
uniformly in . Therefore using (3.10) we conclude

Q2(m, n) f,:f.,.(g) = 0(1) uniformly in g.
Similarly for any j=0,1, 2, - - -

(3.11) Qz(m, n) (A{ff.,.)(g) = O(1) uniformly in g.

By the Plancherel formula for G (or rather the corresponding Fourier inver-
sion formula) we have

Fonl®) = fo(@) + Fon(®) + frnl(g).

Hence combining (3.7) with (3.11) and Lemma 3.1 we conclude that for any
j=0,1,2, - - . theinfinite series _fn.(g) converges in the topology of D, be-
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cause all f,,.(g) have their supports in one compact set. Therefore we obtain a
function f(g) €D such that f(g) = men(g) and (Pmaf)(g) =fmn(g). Hence by

definition of ¥ we have
T/ = {Fonls), frnlD), frn(D},

hence in particular Eof = (Fma(s)). This completes the proof of Theorem 3.1.
We remark that as an immediate consequence of Theorem 3.1 we obtain
the

COROLLARY. Let s be any fixed complex number, but s#0, +1, £2, - - - .
Then the Hilbert space Lo(0 =0 <1; d) is irreducible under the operators Ul(g, s)
as g varies over G.

On the other hand if s=0, +1, +2, - - - then there exist proper closed
invariant subspaces; as a matter of fact L, (0=<6<1; df) is not even com-
pletely reducible in this case.

In §2 we described the topology of LD, for each m, n; we shall now
derive a similar result for D. We denote by T,D the space of all matrix-
valued functions F,.(s) of the complex variable s which are of the form T,f,
for f&€D. From (2.11) and the Fourier inversion formula for G, we see that
Ty is one-one. We give ToD the topology to make T, a topological isomor-
phism and obtain a topological vector space which we again denote by ,D.
For any v>0 we define D as the space of all f&D such that f(g) =0 whenever
g =kogrker, {=v; ToD? is the space of all Tof, fED®. D is the inductive limit
of the spaces D for v integral. We shall describe first the topology of the
spaces T,D?; since D? is metrizable, it is sufficient to consider sequences.

THEOREM 3.2. Let {F’;,,,,}j=1_2,... be a sequence in LD®. A necessary and
sufficient condition that Fi,—0 in ZoD* is: For any polynomial Q in three
variables,

(3.12a) sup { sup I Q(m, n, s)Fi.,,(s) | } — 0,
m,n Rs=1/2

(3.12b) sup { sup | Q(m, n, Dfma(d) |} -0
m,n 1=1,2,...

where the f] are defined in terms of the Fi., as in Theorem 3.1,

Proof. For each j, set fi=T§51F%,,. Suppose first that Fi,,—0 in $,D, i.e.
fi—0 in D. Then from Lemma 2.3 it follows immediately that, for Q; any
polynomial in two variables, and any integer p =0

Qi(m, n) PryArfi— 0

in D uniformly in m and #. (3.12a) now follows by Theorem 2.2. On the other
hand, for /=1, 2, - - -, min (|m|, Inl), ]v,f,,(g, l)| =<1 because the matrices
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are unitary. Thus, by using the above and
Pt = 0@ = [ (07 Punf Yg)omn(e, D
¢

we deduce (3.12b) immediately.

Conversely, suppose that the Fi,, satisfy (3.12a) and (3.12b). We define
fH(2), fri(g), and fio? (g) as in the proof of Theorem 3.1. Using (3.8) we deduce
immediately, for Q; any polynomial in two variables

p (0)7
3.13) sup |Q1(m, 1)A fonn (g)l —0 forp=20,1,---.
m,n,g
Using (3.10) and (3.12b) we deduce that, for any polynomial Q. in two vari-
ables,

‘i
sup | Qa(m, n)f n(2) | —0
m,n,g

and similarly,
(3.14) sup |Q2(m, n)Apff.,{(g) | —0 forp=0,1,---.
m,n,g

On the other hand, by the Fourier inversion formula for G, we have

Ponf' = fon + fom + fom
Using (3.13) and (3.14) and the fact that all f7 lie in D?, we deduce from
Lemma 3.2 that f7—0 in D?, which is the desired result.
For any v we define the space D¥ as consisting of all F,.(s) EZ,D such
that for all m, n, Fna(s) is of exponential type <2v. The topology of D® is
defined by means of the semi-norms

sup | O(m, 1, $)Fma(s) [ + sup I Q(m, n, l)ff.,,(l) |

0<Rs=1,m,n myn,l

for any polynomial Q in three variables. As an immediate consequence of
Theorems 3.1 and 3.2 we have

THEOREM 3.3. oD is the inductive limit of the spaces D for v integral >0.

COROLLARY. For any fixed so the mapping f— (Fma(s0)) 15 a continuous map-
ping of D into the space of all rapidly decreasing matrices Gmn of complex num-
bers with the topology defined by the semi-norms supm,,,| Q(m, n)a,,.,.l , for any
polynomial Q(m, n).

Proof. For s, on the line Rs=1/2 it is an immediate consequence of Theo-
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rem 3.2 that for any v>0, f—(Fna(so)) is a continuous map of D? into the
space of rapidly decreasing matrices with the above topology. It follows from
Theorem 3.3 and the results of Dieudonné and Schwartz [1] that this map is
continuous on D.

For an arbitrary sy, if f& D7, then, by a theorem of Phragmén and Lindelsf
(see Titchmarsh [1]), if

sup { sup | Q(m, 1)F n(5) I} =d

mn Rs=1/2

for some polynomial Q, then also
sup | Q(m, W)Fma(so) | < dexp (|0 — 1/2])

where o = Rs,. It follows thus from Theorem 3.2 that f—(Fn.(s0)) is continu-
ous from D into the space of rapidly decreasing matrices with the above
topology. Then, as above, the map is continuous on D.

4. Distributions on G and their Fourier transform. Let D be again the
space of indefinitely differentiable functions on G with the topology of L.
Schwartz as defined in §2 above. By D’ we denote the space of continuous
linear complex valued functions defined on D. Thus D’ is the space of dis-
tributions in the sense of L. Schwartz on the real analytic manifold G. We
use on D’ the topology of uniform convergence on bounded subsets of D, the
so-called “strong” topology for linear functions. For fED and WE D’ we write

(4.1) fW=W-f

for the value of W at f. If w(g) is any measurable locally integrable function
on G we identify it with the distribution W defined by

(4.2) ws = [ w@sds
G

We define P, W for any WED' by putting
(43) PmnW'f = W'Pmnf

and observe that if W is of the form (4.2) then P,.W f= [((Pmw))*(g)f(g)dg,
where P,.,w was defined in §2 above. Thus in this case the two definitions of
P... agree.

In general, for any function f on G and any g, xE€G, define [L(x)f](g)
=f(x~1g) and [R(x)f](g) =f(gx). For any WED’, h€D, define L(x) W-b=W.
L(x~Yh and R(x)W-h=W. R(x~')h. Then we easily verify

(4.4) P W =f fim(k)in(k')L(k)R(k')dedk'
VK
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(see (2.1)\f/or the definitions of Xm, X»). For any f(g) we put F(2) =f(g™). For
WED', W is defined by W-h=Fk-W for hED; and W is defined by W -k
=(W-h)*. For WEE', fEE (or WED’, fED) we define the convolutions

Wsfand f+ W by
(Wf)(g) = W-L(gJ and (f+W)(g) = W-R(g™)J-

We put D} =Pn.D’ and note that D7, is naturally isomorphic to the
dual space of D,,,, because if W=P,,W then W- (I —P,,)f =0 for all fED,
and thus the restriction of P, W to D,. determines P,,W uniquely. More-
over the topology of D., as the dual of D,,, is the same as the topology which
D', inherits as a (closed linear) subspace of D’, because the topology of D,
was defined in §2 to be that induced by D.

LEMMA 4.1. For any WED’ the series D m.n PmnW converges to W in the
topology of D’. Moreover, these series converge uniformly for W in any bounded
set of D’.

Proof. Let ® be a bounded set in D. Then we have shown in Lemma 2.4
that _P,..f converges to f in D uniformly for fE®. The result now follows
immediately from the definition of P,.W (4.3) and well-known properties of
convergence of series in topological vector spaces (see Bourbaki [2]).

The Fourier transform ¥ having been defined for D (and D,,) we can
therefore define it for D’ (and D..). Let f(g) EDma for fixed m, n then Tof
is an entire function F(s). Hence if WED,,, then the equation

(4.5) (IW)-F = W-f

defines a topological isomorphism of D/.. onto the dual space (T¢Dnm.) of
ToDmn because T, was a topological isomorphism of D,,, onto ToD .

Now let W be an arbitrary element of D’, then £(P,.,W) is defined for
each m and %, and is an element of the dual of T¢Dy.

DEFINITION 4.1. We call the matrix of distributions T(P,,.W) the Fourier
transform TW of W. The m, = coefficient of the matrix £(Pn,W) is an element
of the dual space of 4D, i.e. a distribution on the topological vector space
(of entire functions of exponential type) ToDn, explicitly described in §3. If
F(s) = [Fama(s) |EZeD we put

(4.6) (TW) -§(s) = D (TPmaW) -Fn(s).

m,n

We have to prove that this definition is meaningful. Each term in the sum
on theright side has meaning because Fun(s) ©Zo(Dmn) and TP WE (ToD pn).
Moreover

(IPmnW) ’an(s) = PmnW'Pmnf = W'Pmnf
because Fonn(s) =T oPnaf. Now by Lemma 2.4 D ... Pnnf converges in the
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topology of D uniformly for f in any bounded set of D, hence so does
W(2mn Punf) = 2omin W+ Puaf. This proves

LEMMA 4.2. The right side of (4.5) converges absolutely and uniformly in f
and W if f and W remain in bounded subsets of D and D' respectively.

We next observe
LEMMA 4.3. Let WED' and FEZID. Then
4.7 IW-F=W-f where §F = Zof.

Proof. If both W=P,,,W and f=P,.f then equations (4.6) and (4.4) are
the same. If W is an arbitrary element of D’ and f an arbitrary element of
D, we know that

IW-F = 2 (TPuaW) -Frn(s)

and W-f= D mn W-Pnaf, where both series converge absolutely and agree
termwise. This proves Lemma 4.2.

Now let w(g) € L.(G), then Tw was defined previously as a triple { Wan(s),
wih, (1), wpa(1) } By the Plancherel formula and convention (4.2) we have

w-f =f 3 Waa(1/2 + i)Fa(1/2 + it)st

4.8 _ _
*- + 3 [wen)fonl) + waall)fan(®) (21 = 1).

Thus by Lemma 4.3, W is in this case determined by the triple of matrix
functions { Woan($), w,ﬁ,,(l)} in the sense that the value of TW- § is the right
side of (4.7). But since f is now an element of D, ft.(l) are determined by
&(s) (and depend linearly and continuously on §). Hence the right side of
(4.7) determines a linear function on TcD. Thus TW and Tw agree for
wC& Ly(G).

Now let A be again the two-sided invariant Laplacian on G. We know that

(4.9) Atmn(g, 5) = s(1 — $)Uma(g, $)
(see Bargmann [1, §6]). If WED' we define as usual AW-f=W-Af.

LEMMA 4.4. Let F(G)ETD. Then TATT'TF(s)=s(1—s5)F(s). Let
W& (ZD)’, then

TAZT W = s(1 — s)W.
Proof. For fED we have

Tof = Funls) = [ Sgum(e, g
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and

[ @ (@mnta 3 = [ 10 @t 5)ds

=51 = ) [ J@tan(s, g = 5(1 = Fan(s) = s(1 = ITur.

This proves TATF1F=s(1 —s5)F and the corresponding equation for W fol-
lows.

Let us denote by E the space of indefinitely differentiable functions on G
with the topology of Schwartz. Then E is a complete, reflexive, metrizable,
locally convex topological vector space; a sequence { f"} —0 in E if and only
if the functions f7 and all their derivatives —0 uniformly on every compact
set of G. By E’ we denote the dual of E with the topology of uniform con-
vergence on the bounded sets of E; it is known that E’ consists of all dis-
tributions on G of compact support.

For any f&E, P,.f is defined by (2.1); for any WEE’, P,,W is defined
by (4.3). (Note that, since D is dense in E, any WEE' is uniquely determined
by its restriction to D.) It is clear that P,,W&E’. Moreover we have

LEMMA 4.5. The series ) ,Pnaf converges to f in E uniformly for f in any
bounded subset of E. Similarly, the series ) PnaW converges to W in E' uni-
formly for W in any bounded subset of E'.

Proof. The proof of the first part of Lemma 4.5 is exactly the same as the
proof of Lemma 2.4. The second part then follows as in the proof of Lemma
4.1.

COROLLARY. For any W, X EE' we have Pun(WxX)= D ; PpiWsPinX
where the series converges in E’.

Proof. It follows immediately from the orthonormality of the characters
of K that, if j#4, Pu;W % P;»X =0. The result now follows immediately from
the continuity of convolution and known results on sums of vector-valued
maps (see Bourbaki [2]).

Denote by E.. the space of all W&EE’ which satisfy Pp,W=W. El,.. is
given the topology induced by E’. Then by the results of Ehrenpreis [2] (see
also Schwartz [4]) we have

PRroOPOSITION 4.1. El.. consists of all WED",, such that the convolution
W s fEDpn for all f&E Dan. In regards to bounded sets and sequential convergence,
the topology of E,, is the same as the compact-open topology of the space of linear
transformations f>W s f of Dun into Dy,

For any WEE’, we can find a finite number of polynomials 9y, 8, « * -+ , 9,
in elements of the Lie algebra of G (considered as acting on functions on G by
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left differentiation) and a corresponding sequence of measures of compact sup-
port ui, Mg, * + * , e O G so that

(4.10) Wf=2| oifdu,.
=1
We shall now proceed to characterize the Fourier transform on E’. As in
the case of the space D, we study first the Fourier transform on E/,,. The case
m=n=0 was treated by Ehrenpreis and Mautner [1].

THEOREM 4.1. Let m and n be fixed integers. The following classes of func-
tions of the complex variable s are identical:

(a) AU functions of s of the form W-uma(g, s) for WEE,,,..

(b) All entire functions W(s) of exponential type which are slowly increasing
on the line Rs=1/2 and which satisfy (2.14) and

(4.11) W — 5) = xmn(s)W(s).

The function H(1/2+4i4t) is said to be slowly increasing if H(1/2+it)
=¢(1+|t|') for some r. Note that any function W which satisfies (4.10) also
satisfies

W(s) = 0fors = — |m|,—lm| -1, —|n] +1if|n| > | m|

4.12
(4.12) orfors=— |nl,=|n| =1, —|m| +1i |m| > | n].

Proof. Let A be again the left and right invariant Laplacian on G and
1, &2 asin §2 above (see formulae (2.16), (2.17) and (2.18)). By forming poly-
nomials in A, &, & we can obtain &2 where ¢ is in the Lie algebra of K and
970 (see for example Bargmann [1, (4.17), (4.18) on p. 596 and (6.22) on
p. 613]). But convergence of each even derivative 32*/62" implies convergence
of each derivative d"/30". Hence the topology of E is determined by &2, &, &
since ¢, £ and &, generate the associative enveloping algebra of the Lie alge-
bra of G. Therefore the topology of E is also determined by 4, & and &, in
the sense that F is sufficient to verify convergence in E by applying every
(noncommutative) polynomial in A, & and £, to the elements of E.

Making use of (4.10), Theorem 1 of Part I, and the fact that |u.~,-(g, s)[
<ue(g, 0) for any 4, j it follows that, for any WEE,,, the function W(s)
defined by s—W - %ma(g, s) is an entire function of exponential type which is
slowly increasing on Rs=1/2. The fact that (4.11) and (2.14) are satisfied for
W(s) follows from the fact that they are satisfied by %m.(g, s) and hence for
all its derivatives with respect to g. This proves that the class (a) is contained
in the class (b).

We now define, for any W(s) of the class (b),

wt(l) = wma()W(—=1) for 1=1,2,---,min (m, n),

(4.13) .
w () = woma(HOW(—=1) for I=1,2,.--,min (—m, —n).
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Then we claim that the triple { W(s), w+(l), w=(!)} defines TW in the sense
that, for any f€ Do, if Tf={F(s), f+(1), /~()} then

W-f = W (s)F(s)ds

Re=1/2

(4.14) + 2wt O - 1) + X w020 - 1).

By (4.10), and the Fourier inversion formula for G, we may write

ws=3 [ @0 @duie)

=3 [ auioa [ FOGm*, 533
Je=1 Re=1/2

(4.15) ,
+ 20| dui(g)d; 2o FrD@H*(g, D2 — 1)

I=1 1

+ 3 [ duste)a; T 70, D2t - 1),

i=1 i

Since FEX Doy, it is not difficult to show that d; can be applied under the
integral sign in the right side of (4.14). Since u; are measures of compact
support on G, we may invert the order of integration in (4.15) to obtain

Wef= [ F©bs [T 016w (e i)

Rs=1/2

+ 2 0@ - 1) X 0,6 Diuite)
+ 2 ro@ =1 20,66 Dduio)

- f o FOF@I + 2 w0 = 1)+ (021 = 1.
8=1/2 1
This proves (4.14).

Let us observe that, if W is of the form (4.2) with wE&D,,, then for any
hED,, we have

f (W 1) (&) ttmn(g, 5)dg = [To(w= B)|(s) = [(Tow)(s)][(Toh)(s)].

By continuity, and the fact that distributions of the form (4.2) are dense in
E’, we deduce that, for any WEE’,
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[ 7 @umnta, 138 = WO (@HE]

By similar reasoning on the discrete series we have
(4.16) T(Wsh) = {W(s)H(s), wr@) h+(l), w() =)}
where
Th = {H(s), k1), =)},
Then it follows immediately from Theorem 2.1 that, for any AED,, if
Th = {HE), 10, =0)},
then
{W()H(s), wrO) i+(0), w k() } € TDpa.
Now, it follows easily from Theorem 2.2 that the map

{F(s), 1+, 1~}
— F(s)W(s)os + 2, w2 — 1) + 2 fDw () (2 — 1)
Rs=1/2

defines a continuous linear function X on $D,,,. Thus, there is a WE&ED/},,
with SW=X.
For any A& D, fED,nn, we have

Wsh-f=W-fxh

If we write Th={H(s), k*(), k(1) } and Tf={F(s), f+(1), f~())} then the
above yields

W-frh = Tw-T(f+h)
- f WF()H()bs + 3 wOf-Or@)(2 — 1)

+ 2w Or@)(2 - 1).
This shows that
T(Wsh) = {W(s)H(s), wrO) I+@), w O i=(1)}.
We have already remarked that {W(s)H(s), wt()ht(l), ‘w‘(l)h‘(l)}
€ZD.a. Thus, by Proposition 4.1, WEE}. which concludes the proof of

Theorem 4.1.
Let us remark that, in the course of the proof of Theorem 4.1 we have

obtained

PROPOSITION 4.2. For any WEE'n, the triple { W(s), w*(l), w=(1)} as de-
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fined in the proof of Theorem 4.1 represents W in the sense that (4.14) holds.
COROLLARY. Any WEE), is determined by Waun(s) = W tma(g, ).

We shall, in the future, write TW={W(s), w+(l), w=()}, and T,W
= W(s), with {W(s), wt(l), 'w“(l)} defined in terms of W as in the proof of
Theorem 4.1.

The proof of the following proposition is contained in the proof of Theorem
4.1:

PROPOSITION 4.3. For any WEE/m, hE Dy, if ToW=W(s) and Toh=H(s)
then To(W + h) = W(s)H(s).

PROPOSITION 4.4. For any WEE/n, X CEms if ToW=W(s), ToX =X(s)
then To(W+X)=W(s)X(s).

Proof. For any hED,,,, if Toh=H(s) then, by Proposition 4.3, $o(X » k)
=X (s)H(s). Thus, again by Proposition 4.3, To(W * X * k) = W(s) X (s)H(s).
The result now follows since X =limg, X « k for appropriate A& Dya.

For any WEE’, let us denote by TW the triple of matrices

4.17) IW = {Wmn(s)y w:n(l): w'-rm(l)}

where

TW(W) = {Wiils), wii®), wiid) }
for any <, j. We write
(4.18) TW = {Waa(s)}.
PROPOSITION 4.5. Let W, X EE’, ToW = { Waa(s) }, ToX = { Xn(5) }. Then

(4.19) T(WsX) = {Z Wm,'(S)X,',.(S)}
i
where the series on the right side of (4.19) converges uniformly for s in any com-

pact set of the complex plane.

Proof. It follows from Lemma 1.2 that, for fixed m, %, the functions of
g: Umn(g, s) form a bounded set in E whenever s stays in a fixed compact set
of the complex plane. Thus, the maps

Y > V- -un(g, s)

are equicontinuous linear functions on E’ for s in any compact set. The result
now follows immediately from Proposition 4.4 and the corollary to Lemma
4.3.

PROPOSITION 4.6. Let W E En have the property that
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(4.20) W-f=0 whenever fED and f(kg;k’) =0 for k, k' €K, ¢ =v.

Then the exponential type of ToW is = 2v. Conversely, if ToW is of exponential
type =2v then W satisfies (4.20).

Proof. We know that W=Ilimg! W +h? where k7 is a sequence in D,,
with the supports of k7(g;) as small as we please, i.e. h(g;) =0 for { >e€. The
result now follows immediately from Propositions 2.2 and 4.3.

We can now describe explicitly the Fourier transform &, of E’:

THEOREM 4.2. The following classes of matrices of entire functions of the
complex variable s are identical:
(@) All {Fa(s)} = {ZoPmW} as W varies over E'.
(b) Al matrices {F,,.,.(s)} satisfying for each m, n the functional equation
(2.13) and conditions (2.14) and
(1) The Fnn(s) are of fixed exponential type independent of m and n.
(2) For any positive integer r we can find positive integers b and j such

that
an(i-i- it>=0—(1+ [0+ |mli):|,
2 i 1+ |n]
20 1 1+ e+ | n])
an(?'l"d):OL 1+ |m|f ])
£ = o[ At ,| mlf)}
(4.22) _ . Ml L
o[ | ')]
Sl = O ==

where f2,(1) = Wmn(l) Fma(—1) for any integer 12 1.

REMARK. It is not difficult to see that the matrices of class (b) of Theorem
4.2 form an algebra under matrix multiplication. This algebra is isomorphic
to the algebra E’ (under convolution) by Proposition 4.4.

Proof. It follows from Lemmas 1.2 and 1.3 that, given any left differential
operator d which is a polynomial in the elements of the Lie algebra of G, and
given any compact set C in G and given any positive integer r, we can find
positive integers b and j such that

1\ Ta+ a4+ [m])
a“'”"(g’7+”>_0[ 1+ |al ]

Itk (g, % + it) = o[(l + lltlli)(llnTr | nl’):l,

(4.232)
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oot (g, ) = O[a + 151+ lmll)],

(4.23Db) t+ [nl
' + A+ + |#])
Pl ’)=O[ 1+ [m] ]

where the symbol O may be taken uniformly for g&C. We use the fact that
for any r =0 we can find a constant ¢ such that for all complex numbers z, z’
we have (1+|z—2'|)~1<c(1+]|2|)(1+|2’|)~'. From Proposition 4.5 and
Equation 4.10 it follows thus that the class (a) is contained in the class (b).

To prove the converse, let {F,,.,,(s)} satisfy condition (b). Then, it follows
immediately from Theorem 3.2 that the map

{A (), GonD), amn(D)} = 2 f Foun(5) A ma(5) s
+ 3 @)@ = 1)+ Y fa)am®)(2l — 1)

m,n,l m,n,l

(4.24)

defines a continuous linear function X on £D. Thus, owing to the fact that &
is a topological isomorphism, we can find a WED’ such that TW=X.
Now, for any a, bED if Ta={Ama(s), ajn(l), ama(}) }, then
Wsxa-b=W-axb
= IW -T(a*d)

—gw. f > Ani()(Bai*(s), 2 amiD G * D, 2 ami®)Ba)*()
(4.25) ' 7 ’
= Z an(S)Ami(s)Bni(s)as

i,m,n Rs=1/2

+ X foDa DGO = 1)+ X fonDamiD) (Bai)*0)

ijym,n,l jom,n,l

where, because of our hypotheses and Theorem 3.1, it follows easily that we
have absolute convergence on the right side of (4.25).

It is an immediate consequence of our hypotheses and Theorem 3.1 that
the triple

(4.26) { X Fan(8) Bus(s)y L FonDB0), T f;.a)b:,-(l)}

is an element of TD. By (4.25) this triple is nothing but T(W xb). The result
now follows immediately from the following proposition (see Ehrenpreis [2]),
the second part of which will be used later:

ProrosITION 4.7. Let WED'; then WEE' if and only if W+a&ED for
every a&D. Consider each WEE' as defining the continuous linear map
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a—W xa of D—D, and give this set of maps the compact-open topology 3. (That
is, a fundamental system of neighborhoods of zero for 3 comsists of those sets
NCE' for which we can find a set L in D and a neighborhood of zero M in D
so that N consists of those WEE’ for which W xaE M whenever a&L.) Then
the topology of E' is the same as 3.

We have already shown (see Theorem 2.3) that for each m, %, the topology
of ToD.n is, regarding sequences and bounded sets, that induced by the space
D of L. Schwartz. Now, define ToE /., as the space of all LW for WEE/,;
we give $oEn, the topology to make the Fourier transform a topological iso-
morphism. Denote by &’ the ordinary Fourier transform of the usual space
of distributions of compact support on the real line (after a change of
variable s—1/2414s; see (0.2) and (0.3)).

PropOSITION 4.8. 4 set ® CToE s ts bounded if and only if the following
conditions hold:

(@) AUl F(s) E® are of exponential type <r, where r depends only on ®.

(b) There exist positive numbers M, a so that, for all F(s) E®,
| F(1/2 + it) | <

L+ [efe 7

Proof. Suppose first that ® satisfies conditions (a) and (b). Then, if C is
any bounded set in T,D,, it follows immediately from Theorem 2.2 that
{F(s)H(s)}p(.)e(B,H,(,)ea is bounded in TyD,.. From Propositions 4.1 and
4.3 we deduce that ® is bounded in T,E .

Conversely, suppose ® is bounded in $,E}, and denote by ®* the set
{T51F(s)} re, so that ®* is bounded in E}.,. It follows from well-known
results that all WE®* have their supports in a fixed compact set of G. Thus,
by Proposition 4.6, all F(s) ©® are of exponential type =7, where we may
choose 7 depending on ® only.

It is also known that there exists a neighborhood of zero N in E,. so that,
for all WE®*, fEN, we have I W'f| =<1. Now, it follows immediately from
Lemma 1.2 and the definition of the topology of E,.. that we can find positive
numbers «, M so that, for ¢ real, we have

Umn(g, 1/2 + it)
M1+ | t]o)

4.27) sup

(4.28)

The result is now immediate.

PROPOSITION 4.9. The topology of ToEms is sironger than that induced by the
space &' of Schwartz.

Proof. It has been shown recently by A. Grothendieck [1] that the space
&’ is bornologic; a similar proof shows that E}., is bornologic. (A locally con-
vex topological vector space 3¢ is said to be bornologic if any set NCZ which
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has the property that, for any bounded set 8CZ we can find an ¢ >0 so that
a®CN, is a neighborhood of zero in Z.) Now, denote by 3 the topology in-
duced by &’ on the set of functions of ToE/n. Thus, the bounded sets of 3
are the same as those of $(E/., by Proposition 4.8. Since, among all topologies
which can be defined on the set of functions of yE/,, which have the same
bounded sets the bornologic space has the strongest topology, the result
follows.

PROPOSITION 4.10. A sequence { Fi(s)} CEoE s converges to zero in ToElnn
if and only if
(a) Tkere exists an r independent of j so that all Fi are of exponential type

IIA

7.
(b) There exists an a>0 so that

| Fi(1/2 + i) |
sup —mm——— =
—0< <o 1+ | tl"

Proof. Suppose first that { Fi } satisfies (a) and (b). Then for any bounded
set ® CTpDan it follows from Theorem 2.2 that Fi(s) H(s)—0in $4D,,s uniform-
ly for HE®. It results from Propositions 4.1 and 4.3 that Fi—0 in $oEpa.

On the other hand, suppose { Fi(s)}—0 in T,E/a, and write, for each 7,
Wi=I§1Fi(s). Then it is known (see Schwartz [4, vol. I, p. 91] where the
analogous result for the real line is proved) that there exists a neighborhood
N of zero in E,., so that Wi-f—0 uniformly for fEN. By Theorem 1 we can
find positive numbers M, « so that (4.27) holds. Proposition 4.10 results im-
mediately.

Putting together Propositions 4.7, 4.8 and 4.10 with the explicit expression
of the topology of &’ we have

(4.29)

THEOREM 4.3. In regard to boutz\ded sets and sequential convergence, the
topology of ToE'mn is that induced by §".

Denote by TE’ the space of all TW for WEE’; the topology of TE' is
defined to make ¥ a topological isomorphism.
By reasoning similar to the proofs of Propositions 4.8 and 4.10 we have

THEOREM 4.4. Let ® be a set of triples { Fua(s), fin(D), fin()} in TE'. ® is
bounded in TE' if and only if

(a) We can find a number e depending only on ® so that all Fuu(s) are of
exponential type <e.

(b) For any integer r we can find integers i and j so that (4.21a) and (4.21b)
hold where the symbols & in these formulae may be chosen independent of

{Fan(s), fi (D), frm(D } €.

Let {{ FL.(s), 73, fmi()}} be a sequence of triples in TE’. Then this
sequence converges to zero in E’ if and only if
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(a) Wecan find an e independent of j so that all Pi,,(s) are of exponential
type =e. .

(b) Given any positive integer » we can find positive integers ¢ and g so
that

A+ | n])| Fra(1/2 4 i0) |

o (LF [0+ [m]e
(4.30a) tme o "1
A+ |m|)| Fin(1/2 + it)]
sup - — U,
emn (L4 [t]HA + | n]9)
A+ | n]) | fa® |
AT A [mo
(4.30b) o

A+ |m D] faiw |
sup - —0
bmn (14 11 4 | n]9)

We shall now use the above theory to deduce some important results
about the algebra E’.

PROPOSITION 4.11. There exists no WEE’, W0 such that, for each m, n,

(4.31) W -tma(g, s) = O for a nondiscrete set of s.

Proof. For each m, n, ToP..W is an entire function of exponential type
by Theorem 4.1. Thus, if (4.30) were satisfied, we would have E(P,.W=0
for all m and n. By the corollary to Proposition 4.2 it would then follow that
PnnW=0. Since W= Y_P,..,W, by Lemma 4.5, we would have W=0.

PROPOSITION 4.12. The closure in Ly(G) of the linear combinations of the
matrix coefficients of the discrete series of irreducible unitary representations does
not contain any function on G of compact support.

Proof. Suppose f(g) is of compact support and f(g) =limz,ah(g) where
h(g) are linear combinations of the matrix coefficients of the discrete series.
(Bargmann [1] has shown that these matrix coefficients are in Ly(G).) Then
for any real ¢, and any m, n

(4.32) [ @ umnte, 172+ itrag = 0

because of the orthogonality relations for the unitary representations of G
(see Bargmann [1]). Thus, by the Plancherel formula on G, we have also
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(4.33) [ @ e, 1/2 + itag = 0

for all m, n, t. We now apply to the distribution f(g) (see (4.2)) Proposition
4.11 and obtain the desired result.
From Proposition 4.11 we deduce by duality

ProrosITION 4.13. The linear combinations of the umn(g, 1/241t) for varying
m, n and t are dense in E. In particular, if v(g) is a coefficient of a matrix in
the discrete sertes then v(g) is the limit of linear combinations of the Uma(g,

1/2+4t).

REMARK. Proposition 4.13 is remarkable because we know, by the orthog-
onality relations for unitary representations of G, that v(g) is “orthogonal”
to all #,ua(g, 1/2414t) in the sense of the L,-theory for G.

An important principle of Harish-Chandra in his work on the theory of
representations of semi-simple Lie groups is that there are “sufficiently
many” finite dimensional representations to determine the algebraic relations
in the associative enveloping algebra of the Lie algebra. For our group G the
finite-dimensional representations may be described as follows: For each
positive integer / we have a representation w(g, /) of degree 2/41. The matrix
coefficients of w(g, I) may be written as (see for example Bargmann [1])

(4.3)  7on(g, 1) =Na(Dtbma(g, —1) for |m|, |n]|=0,1,2,---,1 -1
where the 9,.(/) are nonzero constants. We now have

THEOREM 4.5. Let WEE' be “orthogonal” to the finite dimensional repre-
sentations of G, that is, W-mwmn(g, 1) =0 for all m, n, I. Then W=0.

Proof. Let m and # be fixed. Then by (4.34) we have W-un.(g, —1)=0
for Izmax (|m|, |»|). This means that

(4.35) (ToPmaW)(@) = 0 for I =2 max (|m|, | n]).

But, ToP...W is an entire function of exponential type which is slowly in-
creasing on Rs=1/2. It follows easily from (4.35) that £oP..W =0. (See, e.g.
Carleman’s formula in Titchmarsh [1, p. 130 or p. 187, no. 7].) Thus, by the
corollary to Proposition 4.2, P,,W =0. Since this holds for all m, %, we have
W =0 (see Lemma 4.5).

We conclude this section with a description of the center of the algebra E’:

COROLLARY. Let WEE'; then W lies in the center of E’ if and only if
(@) For m#=n, P,,W=0.
(b) For any 1, j, ToPuW =SoP;;W is a polynomial in s(1—s).

Thus, the center of E’ consists exactly of the polynomials in A. Hence the
center of E’ is identical with the center of the associative enveloping algebra
of the Lie algebra of G.
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Proof. Suppose first that W satisfies conditions (a) and (b). Then for any
XEE',if ToX = { Xna(s)}, then (writing W(s) = ToP:;W) we have by Propo-
sition 4.5,

(4.36) To(W*X) = {W(5)Xmals)} = To(X = W).
It follows immediately from the corollary to Proposition 4.3 and Lemma 4.5
that W+ X=X+W.

Conversely, suppose that W lies in the center of E’ and write £, W
= { W,,m(s)}. Let §' be the element of T,E’ defined by

Ff:n(s) _ {F(s) if (4,7) = (m, n),

0 otherwise,

where F(s) is a suitable nonzero function in ToEn.
By our assumption that W lies in the center of E’ we must have

(4.37) {Wan(s) T = FH{ Waals) }.
Taking the r, ¢ term of (4.37) we have

(4.38) Wi (s)8g = BF(5)W 1o(s)-

If we take ¢=7j, r#4 in (4.38) then we find

(4.39) W.i(s)F(s) = 0.

Thus,

(4.40) We(s) =0 for r #£ 4.
Taking ¢=7, r=1 in (4.38) we find

(4.41) Wii(s) = Wiils).

From (4.40) and (4.41) everything follows except the fact that P(s) is a
polynomial.

Now, let us note that
1if 1< |m],
Wmn(l) = { .
0if 1> |m].
It follows immediately from (4.21b) that we must have
Wu(—1) = 01 + |1]|®) for some a.

Since Wu(s) = W(s) for any m, I, this means that Woo(s) is slowly increasing
on the line Rs=1/2 and on the negative integers. By the functional equation
Woo(s) = Woo(1 —s), Wy is also slowly increasing on the positive integers.
Since Wy is an entire function of exponential type, this implies that W is a
polynomial in s.
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Since Woo(s) = Woo(1 —s), we may write Woo(s) =Q[(s)(1 —s) ] where Q is
a polynomial. It is then clear that W= Q(4).

REMARK. This corollary can be verified directly by noting that the class
of conjugate elements of any g&G, g1, is noncompact, and the fact that
any Win the center of E’ must be invariant under inner automorphism. Thus
the support of W must be at 1EG, i.e. W is in the associative enveloping
algebra of the Lie algebra of G. Hence W is in the center of the associative
enveloping algebra which is known to consist of the polynomials in A only.

The noncompactness of the classes of conjugate elements #(1) of G also
implies that the center of D consists of 0 only.

It is clear that u™: f—F,x(a) is for each fixed m and a continuous linear
mapping of D to the complex numbers, i.e. an element of D’. Moreover their
sum D_u™ converges in the topology of D’ as follows from the corollary to
Theorem 3.3; that is, the series Y m %mm(g, @) converges for each fixed a in
the topology of D’. In this sense the “group-characters” exist. (The existence
of group-characters as distributions on semi-simple Lie groups is of course
due to Harish-Chandra.) We thus obtain an element of D’ which we denote

by Xa:
(4.42) xo(f) = i Fum(a).

It is readily verified that x, is invariant under inner automorphism of G and
is independent of the particular complete orthonormal system of L»((0, 1),
do).

LEMMA 4.6. Toxa=204 in the sense that Toxa X (s) =trace of X(a) for any
X(s)EZD.

Proof. It follows at once that Tou™ X (s) = Xmm(a) hence D m u™-X(s)
= Z,,, Xmm(a) for any X(s)ET,D.

Note that the restriction of X, to PpaD equals 8nnu™, i.e. PmaXs = Omapi™.
Thus

Pante' = %u(Pnf) = [ (Pand)(@timn(s, 5)dg
(4.43) ¢

-/ ey, ).

In particular
(4.44) Paxe-f = [ f@els. g
[

establishes a one-one correspondence between the characters x, and the ele-
mentary spherical functions ¢(g, s), as is easily verified.
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5. Mean periodic functions of fixed type m, n. In this section we shall
carry over the theory of mean periodic functions of L. Schwartz [3] to spheri-
cal functions of fixed type m, # on G. We shall obtain the fundamental theo-
rem for mean periodic functions and also an analog of the formal expansion of
mean periodic functions.

Let fEE. Then it would seem natural to say that f is (left) mean periodic
if there exists an aE€E’, a0, such that a¢+f=0. However, then every
fEE.,. would be left mean periodic because any a €Ej, for p #m satisfies
axf=0.

A second possibility for defining mean periodicity is the following: a func-
tion fEE is left mean periodic if the set a*f},,egz is not dense in E; f is
right mean periodic if the set {f+b, bE€E’} is not dense in E. A function is
mean periodic if it is both left and right mean periodic. This definition turns
out to be suitable in the general case. However, for f(g) €E,.. we shall use a
different definition for convenience. We shall show (Proposition 5.2 below)
that both definitions are equivalent.

DEFINITION 5.1. A function f(g) €EE.. is called right mean periodic if
there exists an integer j and a WEE/,, W0, such that Wxf=0. Left mean
periodicity is defined similarly, and f(g) is said to be mean periodic if it is
both left and right mean periodic.

PROPOSITION 5.1. Suppose f(g) € Emn is right mean periodic. Then for any ¢
there is an h&E Dy, h5%0, such that h+f=0. A similar property holds for left
mean periodicity.

Proof. We know that for some j we can find a WEE/., W0 such that
W xf=0. Let tED;j, t5%0. By Theorem 4.1, Proposition 4.3, and Theorem
2.1, we have t + WED;y, t+ W0. Thus,

0= l*(W*f) = (i*W)*f

which is the desired result. The part of Proposition 5.1 dealing with left
mean periodicity is proved similarly.

PROPOSITION 5.2. Let f(g) EEnn. A necessary and sufficient condition that
f(g) be left mean periodic is that the set

(5.1) Q{Pimasfi 0 € E'}
be not dense in Ejnfor somej. A similar property holds for right mean periodicity.

Proof. Assume first that Q. is not dense in E.,. By the Hahn-Banach
theorem, we can find a WEE],, W0, such that W (a+f) =0 for all a € E,,.
Now, we have

(5.2) Weasf= (@* Waf= (@) f+(W)*

(where (@)*(g) =a(g™?) is identified with a distribution by means of equation
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(4.2)). Thus, by the generalized Hahn-Banach theorem, f*(W)*=0. But,
clearly, (W)*E€E}, so that f is left mean periodic.

Conversely, suppose f(g) is left mean periodic, so for some 7 there exists
a WEE.,, W0, such that f+ (W)*=0. Then for any ¢ CEm,

Weasf= @)*f+(W)*=0

by (5.2). Thus, Q. cannot be dense in E,,.

In establishing the analog of the fundamental theorem of mean periodic
functions of L. Schwartz [3], we shall show that every mean periodic function
possesses a “spectrum.” Moreover, if f is left (right) mean periodic, then it
possesses a left (right) spectrum. We shall show, in fact, that both left and
right mean periodicity are the same and that the left and right spectra are
the same.

Let U be a closed linear subset of E,.,, U E,.., which is closed with re-
spect to left convolution by functions of Dm. Then we call U a (left) variety.
Since V# E ., there is a WEE,, such that W-f=0 for all f&?U. Hence also
W-axf=0for all fEV, a EEpn. Now, by (5.2),

Weaxf = (@)* f+(W)* =0

for all a©E.. By the generalized Hahn-Banach theorem, we must have
f*(W)*=0. Thus, for any X EE}., fEV, we have f+ ((W)*+X)=0. By
Theorem 4.1, (W)*+ X 0. Thus, we conclude the existence of some YCE,,
Y#0 with f*» Y=0 for all fEV.

By 0’ we denote the set of all YER;, which satisfy f+ ¥ =0 for all fE.
It is clear that U’ is a closed ideal in E,. (Since E,, is a commutative algebra,
we need not distinguish between left and right.) We call U’ the annihilator
ideal of .

Conversely, given any ideal 4 in E,,, and any m, denote by 9/, the set of
all f& Emyn which satisfy f+» W=0 for all WE4. It follows easily that g4, is a
variety, which we call the (m)-annihilator variety of 4.

PROPOSITION 5.3. For any variety U in Epa, call V'’ the (m)-annikilator
variety of V’. Then V'’ =. For any closed ideal 9 in E,,, 9, =4.

Proof. (a) It is clear that V'O V; assume fEV'’, fEV. By the generalized
Hahn-Banach theorem we can find a WEE,, such that

(5.3) W-f=1, W-h =0 for all 1 €.
Since U is a variety, Pumd, * A& for all g&G. But, for any gEG,
(5.4) W -Pumbyrh = W-Ppa(d,s k) = W-(5,+ k) = (ks (W))*(g™?) = 0

by (5.2) and (5.3). -
Hence, for\gny XEEn, (W)**»XcV’. By our assumptions on f, we
must have f+ (W)*+ X =0. Thus, for any YEE/,,, we have
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0 = (f+(M)*« X+ (T)N(1)

(5.5) - -
= (X« (1)) (f+(W)).

It follows easily from Theorem 4.2 that every Z&EE},, is of the form X « (i//)*
for X, YEE,.. Thus, by (5.5) and the generalized Hahn-Banach theorem,
f* (W)*=0. In particular,

(5.6) 0= (f+W)(1) = W-f.

This contradicts (5.4) and so concludes the proof of the first part of Proposi-
tion 5.3.

(b) The proof of the second part is similar.

Proposition 5.3 shows us that any problem about varieties can be trans-
lated into an equivalent problem on its annihilator ideal. By Theorem 4.1,
this problem is translated into a problem about the ring T,E;, of entire func-
tions of exponential type which are slowly increasing on Rs=1/2 and are
invariant under the transformation s—1—s (see Theorem 4.1).

For future reference we shall need the following result, the proof of which
follows without difficulty from the results of J. Dieudonné and L. Schwartz

[1]:

PROPOSITION 5.4. Let 3C be a complete, metrizable, locally convex topological
vector space, and denote by 3’ the dual of 3C with the topology of uniform con-
vergence on the bounded sets of 3C. Then every sequentially closed linear subset of
H' is closed.

For any so, m, n, we may identify #,.(g, so) with a distribution on G by
means of 4.2. Thus, by the method of §4, T¢%m.(g, so) is defined. Since &, is
one-one on D, we can consider Tou#ma(g, so) as a continuous linear function on
ToD.

PROPOSITION 5.5. For any fED, where Tof = (Fmn(s)),
(5.7 [Tottmn(g, 50) ]+ [Tof] = Fm,—n(0).
Proof. By definition,

[Totemn(g, 50) | [Tof] = thma(gy 50)-f = f 1) fimn(g, 50)dg = F—m,—n(30)

because (as follows easily from the definitions) @ma(g, o) =#%—m—n(g, 50).

We shall write Tostmn(g, s0) =085, " so &,™ 7" is, when restricted to ToDnma
(or ToE'my), the unit mass at the “point” (5, —m, —n). We shall write, for
any j 20,

] — a7 —m,—n
(5.8) ton(y 50) = T (— o5, .
ds?
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Clearly, 4% (g, so) =%nn(g, So), and it is not difficult to show that, in general,
umn(g’ 50) (d’/ds’)umﬂ(g' 50)

PROPOSITION 5.6. Let 9 be a closed left ideal in E},..,, and set §=9MND ., s0
g is an ideal in Dym. Then J determines 9 and 9 is the closure of § in Enm

Proof. Denote by ¢ the closure of gj in Efm. Now, for any Wedg, W
=limg!_ fj+ W where f}, is a sequence in Dym. But, since J is a closed left
ideal, f; + WEd4; on the other hand, we clearly have f; « W&Dn. This proves
that gCd; the reverse inclusion is obvious.

PROPOSITION 5.7. Let U be a left variety m E,,.,. Then ulb (g, s0) €V if and
only if ToV’ has a zero of order j+1 at so. If ul(g, s0) EV then also um(g, so)
€V whenever 0 <1 =j.

Proof. Suppose first that %% (g, so) €V. Then for any fEV'ND,

0 = [ton(g, s0) s £+ WI(1) = dtamn(g, s0)- [f+ W]

5.9 i '
(5.9) = — [T M) = — (@@ 0.
s ds?

From (5.10) and Theorem 4.1 we deduce easily that [d¢(Zof)/ds?](s0) =0
for 0<i=<j. By Proposition 5.6, [di(ZTcX)/ds?](s0))=0 for any X&',
0=:<j5.

Conversely, suppose that sg is a j+1-fold zero of T(,V’. Then for 0 =7 <7,
and any fEV'ND, xEG,

[thmn(g, 50) * F1(2) = (g, 50) - L(x) [f+ W]

L) (f+ ) o0
di
= = [ el 1062
Al
(5.10) = = ) #m(@y f(3)dy |mey

=7 f 2 (%, )u1a(y7, $)f(9)8Y |amiy

= 757 zl: f Umi(%, $)t1(y7L, $)f(9)AY | ameg

ds
= E;’ [umn(x: S)F(S)] I"‘O
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where F(s) = (Zof)(s) and where the order of integration and summation may
be inverted by Theorem 3.1.
We conclude that

Ua(g o)+ f = 0 for0<i<j

which, together with Proposition 5.7, implies % (g, s0) €V for 0<i<j. The
last statement of Proposition 5.6 is immediate.

COROLLARY. If 1 <j, uin(g, so) is the limit of left (or right) convolutions of
ud (g, s0).

Let U be a left variety in E,.. By the (left) spectrum of U (or the co-
spectrum of V') we mean the set of pairs (so, j) where %o (g, s0) EV for
0=<i=j—1. By Proposition 5.7 this is the same as the set of pairs (so, j) where
so is a j-fold zero of T,V’.

Let g be a closed ideal in Enn, and set §=39, so g is a closed ideal in
ToEmm; the latter is the ring of all entire functions of exponential type which
satisfy F(s) = F(1 —s) and are slowly increasing on the line Rs=1/2. We shall
show that g has a zero and is, in fact, determined by the cospectrum of ¢
(which we shall also call the cospectrum of g).

LEMMA 5.1. g is a closed subset of 8'. Denote by g theideal generated by g in
€’; then O\ E'nm=4.

Proof. We know that 4 is sequentially closed in E/... Hence by Theorem
4.3, g is sequentially closed in E’. By Proposition 5.4, g is closed in E’.

Now, g is, by Proposition 5.4, the sequential closure of the algebraic ideal
generated by g in e Thus, if HE:g'NEi,.m, we can find sequences {F,} CE’,
{H;} CJ such that F,H,—H in the topology of &’. We write

Fi(s) = (Fu(s) + Fi(1 — 5))/2,
so also F,H,—H in8’. But, F,EE/,... Thus, by Theorem 4.3, F,H,—H in the

topology of ToE’. This means that HEJ, i.e. :gf\Ei,,,,.Cg. The result is now
immediate.

THEOREM 5.1. Every closed left-module § CZoEmn over ToEmn is determined
by its cospectrum. That is, if F(s) EZoEmn vanishes on the zeros of § with cor-
rect multiplicities, then F(s) E9. A similar result holds for D,,. in place of Epn.

Proof. This result is an immediate consequence of Lemma 5.1 and the cor-
responding result for the space &’ of Schwartz on the real line and Propositions
5.7 and 5.6.

As an immediate consequence of Theorem 5.1 we have

COROLLARY. For fixed m, n, the maximal closed left-modules of Dun over Dym

are given as follows:
If m =n then each maximal closed ideal of the algebra Dmpn is determined by a
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complex number so and is the set gy, all f(g) EDmm for which (Tof(se) =0.

If m#n then any complex number so determines a maximal closed left-
module g,, comsisting again of all fED,. for which (Tof)(so) =0, unless
(Z0Dmn) (s0) =(0). For the remaining values of so we obtain a maximal module
sy consisting of all fE D, for which d(Tof)(so)/ds=0. These are the only
maximal modules. Moreover §,=J, if and only if s=s" or s=1—s'. The same
result holds for Eln, in place of Dpn.

From Theorem 5.1, Propositions 5.3 and 5.7 we deduce

THEOREM 5.2. Let U be a left-variety in Epn, V#(0). Then U contains a
Sfunction Uma(g, so) for some so. Moreover V is completely determined by the
functions udy(g, s) =0"Umn(g, $1)/9s7 which it contains. Moreover no uli(g, s1)
€ is the limit of linear combinations of u'n(g, s,) €V for s, #s; and any i, or
for s,=syand 1<j. Finally, U is the closed linear subspace generated in E,, by
those functions ui(g, s:) of g which are contained in <.

COROLLARY 1. Every left variety in En. ts also a right variety. The left
spectrum and right spectrum of any variety U are identical.

COROLLARY 2. Every left (right) mean periodic function of type m, n is
mean periodic.

Let f(g) € Emm, f#0, be mean periodic; denote by U the variety generated
by f(g) in Enm, and write § =TV’ (V’=left annihilator ideal of V). Let us
consider E,, as a subspace of D/, using the convention (4.2). We have de-
fined the Fourier transform T, on D’ in §4; thus Tof(g) is defined for fEE .
Since ¥, is one-one, we may consider Tqf as a linear function on T¢Dmm, and,
in fact, as a linear function on ¥,E /.. Now, define, for any H(s) E¢’,

(5.11) Tof -H(s) = Sf-[(H(s) + H(1 — 5))/2].

Thus, by Theorem 4.3, Tf is bounded on the bounded sets of §’. We have
already remarked that &’ is bornologic, so Ef defines an element of §, the dual
of 8’; we denote this element by X. It is clear that X vanishes on g, the closed
ideal generated by g in £’. Moreover, if § denotes the largest closed ideal on
which X vanishes (this clearly exists) then we must have gNZoEfm =9, be-
cause gNToEnn is an ideal in TyEmm (by Proposition 5.4 and Theorem 4.3)
on which Tf vanishes. Since every ideal in &’ is determined by its cospectrum
(see Schwartz [3]) it follows that g=4.

Thus, according to the result of Schwartz [3] we can find numbers d,,,
g=0,1, - - -, r, for each point s, on which g vanishes to order r+1, where

> dyeds”

g

converges to X in & by means of grouping of terms and Abel convergence
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factors, and where 82 H(s) = (d'H/ds%)(sp). Now, e and ToE.n. have the
topologies defined by uniform convergence on bounded sets of € and ToE/mnm
respectively. Thus, by Theorem 4.3, the topology induced by g on TEnp is
stronger than (it is easily seen to be the same as) the topology of LoE.n. We
conclude that

(b .
> dpods ) converges to Tof in ToEmm

p.q

by means of grouping of terms and Abel convergence.
A similar argument works for E,.., except that we must consider E,, as a
module over E,,,. The right side of (5.11) must be replaced by

Tf- [nma(s)(H(s) + H(1 — 5))/2]

where 7,..(s) is defined as in the proof of Theorem 2.1.
Applying the inverse Fourier transform £3! we then deduce:

THEOREM 5.3. Let f(g) € Emn be mean pertodic. Then we can find:

(1) a sequence of pairs (sp, qQ) Where s, are complex numbers, and, for each
b, q runs over a finite set of non-negative integers;

(2) a sequence of complex numbers d,q for any (sp, @) of (1) such that

(5.12) > dpquf,ﬁ(g, sp) converges to f(g) in Ema
p.q

by means of grouping of terms and Abel convergence factors.
The functions uwS(g, sp) of g which occur in (5.13) are contained in the
variety generated by f(g) in Enn.

We say that the series Y d,.u%(g, sp) converges to f(g) in En. by means
of groupings of terms and Abel convergence factors (see Schwartz [2; 3D
if we can find a partition of the set of all pairs of positive integers into disjoint
subsets #; such that for each y>0 the series

Z[ > dpquffﬁ(g. $p) €Xp (‘ ’R (S" - i) ‘ y)]
i 2,0E#; ?

converges in the topology of En. to a function f,(g) for which lim, .o f,=f in
the topology of Eni.

6. Two-sided mean periodic functions in E. In the previous section we
studied mean periodic spherical functions of fixed type m, n. We shall now
consider another notion of mean periodicity which is not restricted to spheri-
cal functions.

DEFINITION 6.1. Let f(g) EE. We denote by M, the closure in E of the set
D +f+D. The function f(g) will be called two-sided mean periodic if M;##E.

DEFINITION 6.2. Let M be a closed .two-sided submodule of E over D.
By M! we denote the set of all w€E’ such that w+ M =M +w=(0). Let J
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be a closed two-sided ideal of E’. By J! we denote the set of all &€ E such that
hxJ=TJ+h=(0).

LEMMA 6.1. Let V be a closed linear subspace of E. Then L,VCV for all
gEG is equivalent to D+ VTV and is also equivalent to E' » VT V. Similarly
for right translation R, and convolution on the right.

Lemma 6.1 follows in the usual manner from the standard properties of
convolution.

LEMMA 6.2. M is a closed two-sided ideal of E' and J' is a closed two-sided
module in E over D. Moreover (M")'=M and (J})'=J.

Proof. From the continuity of convolution and the closure of M it follows
that M!is a closed two-sided ideal of E’. It is clear that (M!)!D M. Now as-
sume there exists an element % of (M")!, but A& M. Then by the generalized
Hahn-Banach theorem there exists an element w of E’ such that w(h)0,
but w(M)=(0). It follows from Lemma 6.1 that ws+ M =(0) =M »w, thus
w&E M. Also w(h)#0 implies w+h0. But A€ (M!)! and w& M! imply
h»w=0. This contradiction proves (M)!= M.

The assertions about J follow in the same way.

LEMMA 6.3. Let J5(0) be a closed two-sided ideal in E'. Then P,,J#(0)
for any integers m, n.

Proof. Assume there exist integers m, n such that J,,=Pn,.J=(0). Let
», g be arbitrary integers. Then Eny,+ Jyo % Ef C T o

By §§4 and 5, ¢ €E,, and wEE,, imply a+w0 provided a0 and
w>0. This is seen by taking the Fourier transform of @, w and a + w: one ob-
tains the product of two entire functions which is not identically zero unless
one factor is. Choose a € E/,, bEE,, so that a0 and b70. Since J(0)
there exists a pair p, ¢ such that P,,J = J,,7(0). So let w€ J,,, w0. Then
by the above a+w+b5£0 and @ « w * b& Jps. This proves that J,,,(0).

LEMMA 6.4. Let M be a closed two-sided module in E over D. If M#E then
Popn M 5 Epy for any m, n.

Proof. By Lemma 6.2, M=E is equivalent to M'#(0). So there is an
element w&M! and w0. This means Msxw=(0)=w+M. Moreover
Prn(MY)YCM'. By Lemma 6.3, Pn.(M!)(0) for any m, n. Thus for any
integers u, m, #n and » there exist elements w,,CE’ and w,,CE,, such that
Wum #0, W,, 720 but w,m+~h=0 and k*w, =0 for k€ M. Writing again
Ponh =hmn we obtain Wy, * Apa=0 and kms * wa, =0 for all ApnE P, M. This
proves that Pn,M#=E,, for any m, n.

THEOREM 6.1. Let M be any closed proper two-sided module in E over D.
Then M is the smallest closed linear subspace in E which contains all
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o7

— Umn(g, 5) E M.
Py (&9 €

Proof. For fixed m, n we know by Theorem 5.2 that Mpu,=Pn.M is the
smallest closed linear subspace in E,,, which contains all #{,(g, s) € E.», since
M. is a left-module over D, whenever M is a D-module. Now we use
Lemma 4.5 and see that M is the smallest closed linear subspace of E con-

taining all Pp.M.

LEMMA 6.5. Let f&E be two-sided mean periodic in the sense of Definition
6.1. Then P,.f is for each m, n mean periodic in the sense of §5.

Proof. This is an immediate consequence of Lemma 6.4.

We can combine Lemma 6.5 and Theorem 5.3 to obtain an expansion
theorem for two-sided mean periodic functions in E. Indeed let fEE be two-
sided mean periodic in the sense of Definition 6.1. Then by Lemma 6.5
fmn=Pumaf is a mean periodic spherical function of type m, » in the sense of
Definition 5.1, to which we can apply the expansion of Theorem 5.3. Now
apply Lemma 4.5. This proves

THEOREM 6.2. Let f(g) EE be two-sided mean periodic in the sense of Defini-
tion 6.1 above. Then

o = £4 IPRE s}

mn

where ., 15 in the sense of the summability by grouping of terms and Abel
convergence factors as explained at the end of §5 and D ,m.n converges in the
topology of E.
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